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ABSTRACT

Shape from shading is a classical problem in computer vision, in which the depth field of
an object or a scene is reconstructed from a pattern of intensities in an image. This can be
thought of in some sense as the inverse problem to geometry-based graphics rendering. In
this context, shading is defined as a function of illumination, surface geometry, and surface
characteristics like pattern or texture. Despite its enduring presence in the field, shape from
shading is still largely unresolved. This dissertation shows that under the conventional dif-
fuse shading model with unknown directional lighting, the set of quadratic surface shapes
that are consistent with the spatial derivatives of intensity at a single image point is a two-
dimensional algebraic variety embedded in the five-dimensional space of quadratic shapes.
This work rigorously defines a family of such varieties, describes its geometry, and alge-
braically proves existence and uniqueness results in the areas of two-shot uncalibrated pho-
tometric stereo and coquadratic shape from shading. This work introduces a concise, feedfor-
ward model that computes an explicit, differentiable approximation of the variety from the
intensity and its derivatives at any single image point. The result is a parallelizable processor
that operates at each image point and produces a lighting-invariant descriptor of the continu-
ous set of compatible surface shapes at the point. This processor is demonstrated on the two

aforementioned application areas.
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Introduction

THE SHADING VARIATIONS in an image I(x, y) of a diffuse, curved surface induce a perception
of the surface shape f{x, y); mimicking this perceptual capability in machines is referred to
as recovering “shape from shading”7#%%34, Established techniques for recovering shape
from shading exist in special cases where the strengths and locations of the light sources
around the surface are known a priori, or are somehow accurately inferred before the depth
reconstruction is attempted. These techniques can be understood as using a connected two-

dimensional array of image “point processors”, where each point processor reads the inten-
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Figure 1: The rendering model maps a surface to an image, which we locally represent as a mapping
between surface and image coordinate space.
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Figure 2: The set of local second order surface shapes {(fx, f;.fuxufx fiy) } that are consistent with the
derivatives I = (I, 1y, 1, I, Iy, I, at one image point (black circle, left) satisfy three polynomial
equations. The zero locus (i.e., variety) is two-dimensional and is visualized here projected to three
dimensions (f, fiy, fiy)- Each element of the variety is a local shape (four are called out) that produces
the image derivatives under some light direction. We show that for any non-degenerate I the two-
dimensional variety has four isomorphic components (colored in this example) and can be efficiently
approximated by a coupled pair of shallow neural networks.



sity I at a single image point and, based on the known or estimated lighting conditions, calcu-
lates an intermediate numerical representation of the set of compatible local shapes at that
point, comprising a set of (or probability density over) local surface orientations {(f,f)}

at the point. Each of the intermediate per-point orientation sets is ambiguous on its own,
but when the array of point processors is connected together—by enforcing surface con-
tinuity and by including supplementary visual cues like occluding contours or top-down
semantics—one can begin to recover shapes f(x, y).

This has been the dominant paradigm for shape from shading for nearly fifty years3?, but
it is far from satisfactory. Despite a half-century of research, the state of the art remains sen-
sitive to non-idealities and is rarely deployed without substantial aid from a human annota-
tor who first indicates occluding contours in an image or provides a segmentation of a rele-
vant diffuse surface region (see for example Figure 1.1). One reason for this fragility is that
lighting is typically non-uniform across surfaces, due to self-shadowing and other physical
effects. This makes it difficult to infer the lighting conditions for each image point, which
in turn distorts the per-point orientation sets {(f;, f;) } upon which reconstruction is based.
Moreover, even when lighting is uniform across a surface, the veridical location and strength
of a scene’s dominant light source can be impossible to infer from an image due to inherent
mathematical ambiguities?. In comparison, monocular human vision seems to perform quite
well at perceiving diffusely-shaded shape, at least modulo these ambiguities*4, despite being
quite poor at inferring lighting *4.

This dissertation introduces a point processor for shading that might help address these
deficiencies, by providing per-point constraints on shape without requiring knowledge of

lighting37. The input to the processor is a measurement comprising a vector of spatial deriva-



tives of intensity at one point, denoted by I := (I, Iy, 1, I, Ixy, I), Koenderink’s 2-jet*3. The
internal structure of the processor is a coupled pair of shallow neural networks, and the pro-
cessor’s output is a compact representation of a continuous set of compatible local second-
order shapes F(I) := {(fx,f),fw [, fyy)} in the form of a parametrized two-dimensional
manifold in R®. The processor provides useful per-point constraints because even though
there are many compatible shapes F(I), the overwhelming majority of shapes are ruled out.

Our main contribution is an algebraic analysis of Lambertian shading that provides the
foundation for the point processor’s internal structure and the format of its output. Specif-
ically, we prove that the set of compatible local second-order shapes F(I) are contained in
the zero-set of three polynomial equations, i.e., are contained in a two-dimensional algebraic
variety in R>. We show that special properties of this variety allow it to be represented in
explicit form by a function from R? to R3, which in turn can be approximated efficiently by a
small system of simple neural networks.

The most important property of this point processor is that it is “invariant to illumination”
in the sense that the output shape-set F(I) always includes the veridical local second-order
shape, regardless of how the surface is lit. This means that while a surface lit from different
directions will generally induce different measurements I at a point, and while these differ-
ent image measurements will in turn produce different shape-sets F(I), all of the predicted
shape-sets will include the true second-order shape at that point.

As examples of how the point processor can be used for image analysis, we describe two
scenarios in which the intrinsic two-dimensional shape ambiguities F(I) at each point can
be reduced to a discrete four-way choice by exploiting additional constraints or information.

One scenario is uncalibrated two-shot photometric stereo, where the input is two images of



a surface under two unknown light directions. The other is quadratic shape from shading,
where the input is a single image of a shape that is quadratic over an extended region. We
demonstrate these using synthetic images, leaving the development of robust algorithms and
deployment on captured photographs for (near) future work.

Throughout this dissertation, we assume a frame of reference such that our measure-
ments are graphs of some polynomial function. We represent these local surface height and
image values as vectors of their coefficients - applying the Monge-Taylor map - ignoring de-
pendence of fix on f;. This is to say that we are not attempting to solve any partial differential
equations; instead, we are studying algebraic constraints in a local linear coefficient coordi-
nate space.

This dissertation will be structured in the following way. We will introduce the problem of
shape from shading, and historical attempts to solve it. We will then propose a new approach
that is algebraic in nature. We will review existing ways to solve polynomial systems such as
the one we propose, and describe why they are insufficient in this setting. We will propose
our own local solver driven by a deep-learning inspired function approximation. Finally, we
will explore applications and describe implications to various computer vision problems. We
will introduce topic-specific related work at the beginning of each section as we incorporate

new subfields.



Background and Related Work

MOST EXISTING APPROACHES TO SHAPE FROM SHADING rely on a per-point relationship be-
tween scalar intensity / and surface orientation (fy, f,). If the lighting comes from a single
direction, for example, then the set of compatible surface orientations is a right-circular cone
with axis equal to the light direction and apex angle proportional to intensity (see Figure 1.1).
Similarly, if the lighting is a positive-valued function defined on the directional two-sphere
then the set of compatible orientations is well approximated by a one-dimensional mani-

fold defined by the light function’s spherical harmonic coefficients up to third degree °*5.



Figure 1.1: Left: Given an image intensity measurement at a point, and a known light source direction,
the solution set is reduced to a one-parameter family of surface normals. Right: Segmentation into
relevant diffuse surface regions.

Regardless, any such relation between intensity and surface orientation necessarily requires
prior knowledge of, or accurate estimates of, the lighting at every surface point. Despite sub-
stantial recent progress’7:#%3?7, including the abilities to accommodate some amounts of
non-uniform lighting and non-uniform surface material properties, obtaining useful results
continues to require substantial help from a human, who must first label the region that con-
tains a continuous surface and/or indicate the locations of occluding contours. We will refer
to this requirement as the need for a prior “perceptual grouping” of the image into such re-
gions.

In contrast, we follow Kunsberg and Zucker>° by enhancing the per-point analysis to con-
sider not just the intensity and surface orientation at a point, but also higher order deriva-
tives of intensity (and shape). This allows eliminating the dependence on lighting entirely,
and it suggests the possibility of a different approach where perceptual grouping and shape
reconstruction can occur without explicit knowledge of lighting, and perhaps with lighting
being (approximately) inferred later, as a by-product of shape perception. In this thesis I con-

sider just the first step toward this possibility: the design of the essential point processor.



We are also motivated by the results of Xiong et al.®%, who consider a local area processor
instead of a pure point processor, and show that the intensity values in an extended image
patch determine the extended quadratic shape up to a discrete four-way choice. This four-
way choice leads to the automorphism group that we describe in Section 2.

Many previous shape from shading studies assume prior knowledge of light source 57:°°,
The lighting may be specified by a general reflectance map3, by a directional source °*5°, or
by its spherical harmonics5. On the other hand, some thought has been given to the setting of
unknown light source, under the same types of lighting conditions. Our work addresses the
case of an unknown directional lighting source, and expanding to more general lighting maps
is an interesting area of future research.

The work in this dissertation is complementary to recent learning-based approaches?%?
to monocular depth estimation that aim to exploit diffuse shading and many other bottom-
up cues while also exploiting contextual cues in large image datasets. One of our goals is to
explore alternative front-end architectures and interpretable intermediate representations
that can improve the generality and efficiency of such systems in the future.

Shape from shading has traditionally been approached by solving a first-order PDE over a
swath of an image; this differs from our more local, point-based approaches. However, these
types of PDE methods implicitly assume that the image has been segmented beforehand into
diffuse versus non-diffuse regions. These approaches also tend to use only first-order inten-
sity information, rather than incorporating second-order as we do. A subset of the litera-
ture 5821:49.51,50.38 phrases shape from shading not as solving a PDE, but as solving a system of
polynomial or rational equations. Of course, the questions of existence and uniqueness also

arise for algebraic systems; such a solution set is associated to a well-studied type of mathe-



Figure 1.2: Examples of local visual ambiguities. One such phenomenon is known as the fourfold am-
biguity, wherein a viewer not given the light source is unable to distinguish convex shapes from con-
cave shapes, and saddle shapes from spherical shapes. The above images are due to Pentland°’, and
the below images are due to Xiong et al.”°

matical object called an algebraic variety.

The broadest objective of this dissertation is to describe the set of solutions to shape from
shading when lighting is unknown. Shape from shading is a classical problem in computer
vision, and this thesis reformulates it via a system of algebraic equations at each pixel. The
solutions to this system represent the set of shapes consistent with a given image measure-
ment, and this thesis proposes a feedforward way of describing this solution set that at each

pixel that is compact and does not require online iterations.
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But surely if artificial intelligence research is to
claim victory over the vision problem, then it has

to embrace the whole domain, understanding not
only the problem solving aspects, but also the phys-
ical laws that underlie image formation and the
corresponding symbolic constraints that enable the

problem solving.

Berthold K. P. Horn, Understanding Image

Intensities*°, 1977

Geometry of Local Shape Sets

THE ILLUMINATION-INVARIANT POINT PROCESSOR INTRODUCED IN THIS DISSERTATION is in-
spired by the work of Kunsberg and Zucker>°, who use differential geometry to derive three
lighting-invariant rational equations that relate the image 2-jet I at a point to the surface
height derivatives f at that point. We take an algebro-geometric approach instead, which
provides an abbreviated derivation of equivalent equations and also reveals that the set of
shapes that solves SfS is an algebraic variety with useful structure explored by this and the

following chapter.
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We show that this solution set is equipped with an automorphism group that naturally
divides it into four isomorphic pieces, allowing the entire set to be represented by any one
component. We then relate one piece of the shape set to a continuous function ¢; from R?
to R3, which implies that the point processor is equivalent to a map from vectors I C R to
continuous functions ¢; : R? +— R3. This analysis provides the foundation for a fast, offline
neural network approximation of the mapping from vectors I to functions ¢;, which appears

in Section 4.

2.0.1 EXISTENCE AND UNIQUENESS IN SHAPE FROM SHADING

When confronted with an inverse problem, two questions must immediately be addressed,
namely existence and uniqueness of a solution. Does a solution exist, or is the solution set
empty? Is the solution unique, or are there finitely many - or even infinitely many - equally
valid solutions? Well-posedness then means existence and uniqueness of a solution, while
ambiguity refers to a solution that exists but is not unique.

PDE-based approaches have borne some compelling existence-uniqueness results. Brooks'3
studies ambiguity in images of planar surfaces, among others, that arises from the observa-
tion that any image having constant intensity must have been generated by some ruled sur-
face. Introducing new information, such as boundary conditions, can reduce this ambiguity.
Kozera et al.*5 is a more recent critique of that work. For a pinhole camera and a directional
light source located at camera center, Prados et al.®" proves that under appropriate bound-
ary conditions, the proposed PDE has a unique solution.

The boundary conditions that allow the PDE approaches to in some cases establish exis-

tence and/or uniqueness of solutions to SfS are unfortunately not applicable when solving

12



SfS in a local way. Consequently, local SfS opens the door to many more possible ambiguities,
as is noted in Ecker et al.**. A critical example of such ambiguities encountered in local SfS
arise when the light source is unknown. Kunsberg and Zucker>° use differential geometry

to derive a set of equations relating surface to image that are invariant to light. Agreement
with the equations derived in their main theorem is fundamental to our work. Shape from
shading as a depth-perception tool is strengthened when combined with other visual cues
and available information from photometric stereo, to specularity, to contours. Basri et al.*
perform depth from photometric stereo, in the case where the lighting source is distant and
isotropic, but otherwise unknown. Drbohlav et al.?° argue that when lighting is unknown
and the surface is specular, just two measurements will suffice to reconstruct the shape.

1_68

Todorovic et al.®® suggest that, given a two-dimensional shaded figure, the shape of its con-

tours can can help a viewer resolve shape-from-shading ambiguities.

2.0.2 SHADING AND SURFACE MODELS

Our analysis applies to any point in a 2D image where the reflectance is roughly Lambertian.
We assign the coordinates (0, 0) to the point of interest and let I(x, y) denote the intensity

in a bounded local neighborhood U C R? of that point. We refer to U as the receptive field,
and its maximum size of will of course depend on the curvature of the surface f(x, y); in tra-
ditional shape from shading one typically assumes fis reasonably smooth, so under this as-
sumption U will be reasonably large. With this being said, to be safe we recommend choosing
U that is no larger than is required to robustly compute a discrete approximation to the first
and second spatial derivatives of I(x, ) at the origin.

Ignoring its traditional definition, we use pixel to denote a single point in the continuum U.

13



This is done with the goal of distinguishing a physical point on the continuous image space
with an abstract point in surface-solution space.

Within the neighborhood U, we assume that the image is the orthographic projection of
a curved Lambertian surface, and that the surface can be represented by a height function
f(x,y). The surface albedo p € R™ is assumed to be constant within U. We also assume that
the lighting is uniform and directional within U, so that it can be represented by L. € R3 with

strength ||L|| and direction L/||L||. Under these assumptions the intensity is

I(x,y) = pL- NG (x.y) €U, (2.1)

where

T
NG i= (o).~ o)1)

is the normal field. Note that we allow for the projection, albedo, and lighting to vary outside
of neighborhood U, so reasonable smoothness assumptions on these maps should suffice.
We assume that the surface fis locally smooth enough around the point (x, y) that we can

ignore any third or higher order derivatives at that point.

Jl,9) = fox + iy + o (o + 2 + ) (22)

We refer to f := (fx, f;, fuxs fiy: fyy) € R® as the local shape at the point (x,y). In particular
we have f(0,0) = (a, b, ¢, d, e). We assume that all local shapes are not flat or cylindrical, or

more precisely are nondegenerate in this sense:

14



f=(-1,2,3,-4,35)

Figure 2.1: How the local image I; changes with light source direction L;, for a fixed surface f.

Definition 1. We say that a local shape f is nondegenerate if

(o + ) iy — o) (4fy + (fx = fip)?) # 0.

Call the set of all nondegenerate local shapes X; this set is full-dimensional in R®,

Local shapes can produce many different image intensity patterns depending on the light-
ing direction; this is illustrated in Figure 2.1 for ten such light directions. We call the set of
all possible image 2-jets generated by any combination of local shape and lighting realizable,
and we say that a realizable image 2-jet produced by a particular shape is consistent with

that shape.

Definition 2. The set of realizable measurements T is the set of vectors v € R® for which there

exists a light direction L € R® and nondegenerate local shape f such thatv = 1 when shape

15
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Figure 2.2: We assume a Lambertian reflectance model, and measure local image measurements
about a point.

model (2.2) is combined with shading model (2.1).

Basically, an image measurement is realizable if it could have been generated by the mod-

els we assume.

Definition 3. Iffor a pair (I, f) € Z x R® there exists such an L, we say that I and f are consis-

tent. This means that for some light direction, f is a valid explanation of image measurements

The objective of the point processor will be, given an observation I, to retrieve thew set of

consistent local shapes f.

2.1 LocAL SHAPE SET

Our immediate goal is to characterize the set of shape that are consistent with observation I
for any light direction. We'll refer to this set of shapes as F(I). This set of admissible shapes
turns out to be contained in the locus of real solutions to three polynomial equations. A cru-

cial feature is that the albedo and lighting do not appear in these equations.

16



Theorem 1. Assume the shading model of (2.4) and the surface model of (2.2), and suppose
we are given a measurement 1 € I generated by some unknown surface/lighting combination.

Define polynomials

GET) =1((f +1) foy + fu (“2fiisfy + fody + fix))
+ (R 5 +1) (b (F + £ 1) + 2(fifi + finy) -

C(EY) =1((f+1)fy — 2ffofifiy +fy (f+1)) (23)
+ (i h 1) (hy R+ +1) + 2Ry + £fy)

GED = (f+1f +1) (Rly + filfady + fiyk) + f(foly + by + fiyle) + L)

+1(fy (fafy — fifiofy + fiy) + fre (<filify + fofy + fiy)) -

Then any nondegenerate local shape f € R that is a valid explanation of measurements I will
satisfy C; = 0 Vi. Equivalently, the affine variety F := V(,/(Cy, C2, C3)) contains the set of all

shapes f consistent with L

Later in this document, we will allow I to vary freely, as a symbolic vector; this will turn
Equations 2.3 into a parametrized system of polynomials, thus defining an incidence variety
Fin R¢ x Ry. See Amendola et al.* for some solutions to such incidence varieties. For now,
assume we are given a fixed numeric image measurement I that defines our polynomial sys-
tem. We will use P(I) to denote this system, or P in places where I is fixed (i.e. considered a
numeric vector rather than a variable). Finally, we use the notation V(-) to denote the variety
corresponding to an ideal; this is essentially the zero locus of the generating polynomials.

Many times it will be useful to think about the set of local curvatures consistent with a lo-

17



Figure 2.3: Clockwise from top left: For fixed image measurement I and fixed surface orientation
fx. £y, the zero-loci of Cy, Cz, C3, respectively blue, orange and yellow, (1) from afar and (2) zoomed in
near the origin. (3) The space curves obtained from pairwise-intersecting these degenerate quadric
surfaces. The black dots denote the pairwise intersections of the space curves. As f,, f, vary, so do
these loci, and the corresponding black points trace out (4) the surface m(X).

18



cal image measurement; that is, the projection n(F), where we define 7 : (f;, f,, f, fo» fry) —

(fx» fr» fyy)- Such a projection is visualized in the lower right-hand corner of Figure 2.3.

2.2 PROOF OF THEOREM 1

Proof. For brevity leta,b,c,d,e = fx, [y, fwx, fxy,fyy- We begin with Lambert’s law for some

fixed I vector,

) = oL . N&Y)
I(x,y) = pL N

TJ’)H’ (x,y) € U, (2.4)

with N(x,y) := (—(9f/0x)(x,y), —(9f/9y)(x,),1)T = (—a — cx — dy, —b — dx — ey, 1)". Since

we do not require L to be unit, we can effectively absorb p into it. This turns (2.4) into

Ix.y) = _(a+cx+dy)L1+(b+dx—|—ey)L2 — L3 25)
’ Vi(a+ex+dy)?2+ (b+dx+ey):+1 '

=—w((a+cx+dy)Li + (b+dx+ey)L, — L3), (2.6)
with
1
W= )
V(a+cx+dy)?+ (b+dx+ey)?+1
Rearranging this,
0=w((a+cx+dy)li + (b+dx+ey)lz — L3) +1(x,y), (2.7)
0=w?((a+cx+dy)*+ (b+dx+ey)*+1)—1. (2.8)

Taking first and second order partial derivatives of (2.7) with respect to x and y, then eval-

19



uating each resulting derivative at the point (x,y) = (0, 0) gives us the local system

s = w?(a® +b*+1) -1
ro :=w(al; + bl — L3) + 1
rv :=w3(—(ac + bd))(aLy + bLy — L3) + w(cLy + dLy) + I
ry :=w3(—(ad + be))(aLy + bLy — L3) + w(dLy + eLy) + I,
rw :=w (3w?(ac + bd)* — ¢ — d®) (aLy + bLy — L3) — 2w (ac + bd)(cLy + dLy) + I
ry = 3w°(ac + bd)(ad + be)(aLy + bLy — L3) — dw®(c + e)(aLy + bL, — L3)
— w3(ad + be)(cL1 + dL;) — w*(ac + bd)(dL1 + eLz) + I,

ry =w’ (3w’ (ad + be)* — d* — €*) (aLy + bLy — L3) — 2w*(ad + be)(dLy + eLy) + I,

and we refer to the vectors (ro, rx, Iy, '), (o, I'e, Iy, '), and (ro, I'x, Iy, Iyy) @S Iy, Iy,
and r3, respectively. Each of these seven polynomials is linear in the L;; thus, if L :=
(Ly, Ly, L3, 1), we can write this system asr; = A;L, where 4; = A;(w, f, 1) is a square

functional-entried matrix:

20



aw bw —w I

ew (1-a*w?) —abdw? dw (1-b*w?) —abew®  w?(ac+bd) I,

A =
dw (1-a*w?) —abew® ew (1-b*w?) —abdw® w*(ad+be) I,
Pa Pa Pa Pu
py = ( 3a°cw? + 6atbedw? — a(d?(1— 3b*w?) + 3¢?) — 2bcd)
Pp = (bc2 (3a*w? — 1) + 6ab*cdw* — 2acd + 3b3d*w* — 3bd2>
P = (cz — 3a*w?) — 6abcdw? + d*(1 — 3b2W2)>
Py = (3 Bdw? + 6abdew? — a(e(1 — 3b*w?) + 3d?) — 2bde>
J— (bd2 3a*w? — 1) + 6ab*dew” — 2ade + 3b*¢* 3be2)
Py = (dz (1— 3d®w?) — 6abdew? + ¢*(1 3b2w2)>
Pa = (3a cdw?* 4 3a*bw?(ce + d?) — ad(—3b*ew? + 3c +e) — b(ce + d2)>
o ( bd(—3a*cw? + c + 3e) + 3ab*w?(ce + d*) — a(ce + d?) + 3b>dew’ )
Paz = (c —3a’dw* — 3abew” + d) + d(—3abdw* — 3b*ew* + e))

P14 =l Pas = Ly P3s = Ly

Notice that for each i, det A; = w*(d? — ce)C;, and thats = 0 = w # 0. Suppose
—(C; = 0 Vi). Thatis, Ji : C; # 0. Due to the non-degeneracy assumption and the

constraint imposed by s that w # 0, this is equivalent to Ji : w3(d? — ce)C; = det A; #
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0 <= i : ker(4;) = {0}. Thisisequivalenttodi : VL # 0, AL = r; # 0,
which is to say that there exists an i which, regardless of L, will always violate one of
the Lambert partial derivative conditions. This implies —((f, I) are consistent). The
contrapositive of this argument is that under the stated assumptions, (f, I) consistent

implies that C; = 0 Vi. O

Remark 1. The real solutions to these equations are identical to those of Corollary 4.2 of Kuns-
berg et al.*°; we offer our algebraic derivation as an alternative to the differential-geometric

approach presented in that work.

Theorem 1 states that the set of local shapes that are consistent with a given measure-
ment I € 7 must satisfy a set of three algebraically independent polynomials and thus, by
definition, is contained in a real two-dimensional algebraic variety embedded in the five-
dimensional shape space. This variety is analogous to the one-dimensional manifold of sur-
face orientations in classical shape from shading, and it provides substantial constraints on
local shape, because although there are still infinitely many admissible local shapes, the vast
majority of shapes are disqualified.

The variety for a particular measurement I is visualized in Figure 2.3, projected from the
five-dimensional shape space to a three dimensional space that corresponds to the second-
order shape dimensions (fix, fxy, fy). Additional examples are in Figure 2.6, which shows how
the varieties change for different measurements. As elements of R[f], polynomials C;, C;, C3
are determined by parameters I € Z, so the variety F(I) is as well. We may therefore define a
map @ : I — F(I). This leads us to the interpretation of the system as a smooth fiber bundle,

with base space Z, fibers F(I), and section &.
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Remark 2. Each polynomial C; is irreducible in f, 1, and therefore each V(C;) is irreducible.
However that does not imply that the intersection of those varieties F is irreducible. An exam-
ple may convince the reader of this: the polynomialsg; = x* — yandg, = x — 1are each

irreducible, but the intersection V(g1, g2) reduces to components {(1,1)} and {(—1,1) }.

Remark 3. Why not just solve this system of equations given a measurement|, i.e. online?

We prefer a robust feedforward engine that takes an image measurement and outputs a set of
shapes compatible with that measurement, without needing to optimize anything online. This
amounts to finding an explicit representation for the implicit form presented in Theorem 1, that
applies to symbolic 1 rather than just numerical. However, as is often the case in algebraic ge-
ometry, such an explicit representation may not be readily available in an analytical form. In
order to achieve this representation, we exploit symmetries inherent to the system and approxi-

mate it using a pair of coupled neural networks.

2.3 SYMMETRIES OF THE LOCAL SHAPE SET

At this stage we have an implicit description of a shape set F(I) in terms of generating poly-
nomials (2.3). For a useful point processor, we want instead an explicit representation, as
well as an efficient way to calculate (and store) that explicit representation for any particular
image 2-jet I. An explicit analytic representation remains out of reach: when I and f,, f, are
fixed, the solutions of (2.3). can be interpreted as the intersection of three quadric hypersur-
faces (see Figure 2.3). Algebraic solvers for finding the intersection of three quadric surfaces
have been proposed 4%, but these will not suffice for the symbolic systems we seek to solve.

Fortunately, the varieties exhibit three properties that make them easier to approximate.
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In Section 2.3.1 we show that the variety is equipped with an automorphism group that
naturally divides it into four isomorphic pieces, allowing the entire shape set to be repre-
sented by any one piece (Observation 1). Then Section 2.3.2 relates the one piece to a contin-
uous function ¢, from R? to R3, which implies that the point processor is equivalent to a map
from vectors I C R® to continuous functions ¢; : R?  R3. As we will see later in Section 4,
these two properties enable an efficient point processor in the form of a neural network ap-
proximation of the mapping from 2-jet I to functions ¢, (see Figure 4.2). Examples of how

this representation can be used for shape from shading are described in Section 3.

2.3.1 A CURVATURE-SEGMENTING AUTOMORPHISM GROUP

Each variety F(I) exhibits two useful symmetries that allow it to be partitioned into four iso-
morphic components, and therefore represented more compactly by just a single compo-
nent. This partition applies everywhere except on what is generically a single pair of points
of F(I). Thus, while we must technically define this partition over a “punctured” variety
(what we will call Fy below), in practice we can typically ignore this distinction, and may, in
what follows, drop the subscript. The symmetries follow from those described for extended

quadratic patches by Xiong et al.”’® and can be verified by substitution into Eqs (2.3).

Observation 1. There exists a subset F (I) C F(I) whose orbit under the automorphism group
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generated by

pr : e fys oo Sy Sp) = — s Sy fooxs o fiy)

oo = fibyy + 2fy
2y + By — fifie
fox = fdfiy + 2f5y
fof + Fofy
By = faby +2f3

1 (2.9)

VY + o — i)

P2+ (fo Sy faxs oo fiw)

is precisely Fo(I), where

Fo(1) := FI)\V(4f3, + (fux — f)°).

More details about the morphology of Fy are given in Section 2.4.

For fixed I and fy, f,, there will be an even number, and up to eight, real solutions to Eqns (2.3),
each of which corresponds to a local shape that is some combination of concave/convex and
saddle/spherical. Figure 2.5 shows an example where the variety’s four components are
clearly visible, and where the four highlighted surfaces comprise one orbit.

We can choose any of the variety’s four components to be the representative one. The com-
ponent that corresponds to shapes with positive curvatures is convenient to characterize, so

we choose that one and call it the positive shape set.

Definition 4. We call the semi-algebraic set

Fy:={f€Fy: fu+fy>0 and fufy —f, >0} (2.10)
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Figure 2.4: The fixed points {fi, fy, iy} of p;, p, When f, f, are left free. These surfaces partition the
ambient (curvature) space into regions where shapes have positive and negative Gaussian and mean
curvature, respectively.

sasl

Figure 2.5: Four quadratic surfaces with a common orientation (f;, f,) ~ (5.61, —4.03) at the origin.
When each surface is lit from a particular direction it produces the image I (x y) shown right. The four
surfaces make up a single orbit of the automorphism group in Observation 1. This figure is compara-
ble to Figure 11 of Kunsberg et al.>’

the positive shape set. This subset F (1) is the set Fo(I) modulo the group action of (py, p,).

This set m(F;.) is depicted in Figure 2.6 among others as the red sheet. It is easily verified
for non-planar images that 0 ¢ F., that there exist no real fixed points of p,, and that by

Definition 1 4f3, + (fux — fi)* # 0 on F(I). Therefore the maps p;, p, are well-defined on

Fo(1).

2.3.2 F,(I) AS A GRAPH

Our aim is now to find a parsimonious representation of the positive shape subset F (I) (and
thus of the entire shape set F(I)) for general I € Z, as well as an efficient way to compute this

representation for any particular measurement I. Since F(I) and its subset F (I) are deter-

26



b g
27 AR

t=-15 t=0.5 t=15

Figure 2.6: Sets (o ®)(I) for I =~ (1—t,-4.10,-5.87,-12.41, -13.41,-20.30) + ¢, varying t. If Z is the base
space of a variety-bundle, we can think of ® as being a section of that bundle. Thus, this figure depicts
fibers of a curve I(t) C Z.

mined by I, we may define a map

@1 Fo(I).

In order to represent this map @ in a simpler way, we observe that m(F. ) appears to be
a (two-dimensional) surface in R3 that can be traced out by the surface normals. We see ev-
idence of this by plugging in normals f;, f, to Equations (2.3) and then solving the resulting
system for fy, fxy, fyy- Based on this we assume that each positive subset can be parametrized
by surface orientation (fy, f,), so that the map ®(I) = {(fx,fy fxx:fxy:fyy) } can be decomposed
as a graph

d)([) = {(f)ﬁﬁh‘pl(ﬁﬁf"))}v (2-11)

with ¢; : R? — R3 a continuous function.

While we frame it here as an assumption, this decomposition may in fact be exact. The
Implicit Function Theorem guarantees existence (and uniqueness) of a function ¢(f;, f;) =
(fwx» Sy fyy) in alocal neighborhood of every f for which the Jacobian of system (Ci, Cz, C3) is

nonsingular. This Jacobian is taken with respect to f, fxy, fyy, meaning that it is a 3 x 3 matrix.
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While proving that the Jacobian is always non-singular—that is, non-singular for any I € 7
and any real (fy, f,)—remains an open problem due to the complicated expressions involved,
we conjecture that it is true. Experimentally we have never witnessed a singular Jacobian,

and we can prove non-singularity in simplified cases like the following.

Example 1. Consider the case in which the measurements 1 satisfy I, = I, = 0, Le. in which the
images normal is parallel to the viewing direction. In this case the determinant of the Jacobian

of system (Cy, Co, C3) with respect to surface curvatures is

det Jac = y((1+ £)fx — 2fffy + 1+ £)fy)

wherey = —4(fufyy — f5)/(1+ f2 +jf2v)5. This has a real solution only if its discriminant taken

with respect to f,

diSCFfX det]ac = )/((1 +f)2/)(ﬁ<xf:vy *fzxy) =+ (f)Z(y +f)21y))v

is strictly positive. On F (1), the term fif,, — fzxy > 0, so discry, det Jac < 0 over R. This implies

that there are no points in F (I) where the implicit function fails.

Unfortunately, the function @ is extremely complicated, and it is unlikely that an analytic

form can be obtained; we approximate it instead using a data-driven approach in Section 4.
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2.4 THE SHAPE OF F.

Depending on the image measurements, F may exhibit one of two morphologies’, shown in

Figures 2.7 and 2.8.

Observation 2. For ¢, g a function of 1/1 as defined by (2.12), if

*
A,Brél?—}il} AB
is nonnegative, then p,(F..) is a hyperbolic paraboloid. If it is positive, then p,(F) is a hyper-

boloid of one sheet. In either case, F is a hyperboloid of one sheet.

Without loss of generality, assume the first coordinate of I as follows is 1; we can do this
because uniformly scaling I has no effect on F. The change in morphology of Fy(I) occurs
when the sheet F (I) intersects the line (1,0, —1), A € R. In this case, fix = fy and f, = 0.
This is the singularity of p,.

Let C;(f) := C;(f) with f := diag(1,1,1/(1+a®+b?),1/(14+a>+b?),1/(1+a* +b?))f. We define
g as a Grobner basis for the ideal J := 1/ (Cy, Gy, C3) N R{fxx: fxy: fyy), evaluated atx = y = 0.
Such a polynomial g(fi, fiy. fyy) is included in Appendix section A.9 for completeness (if not
brevity).

Plugging f«x = fy and f;, = 0 into the Groebner basis for Fyields the polynomial

k(c;1) = ' + 6c B + 9cI} + 4c1018 + 2c Ly + 42 Bl + 200 L + 12, + 2L, +

SBIE, — 2¢%, +10c°EE, — 2c°1y B, + 2B, + Ly, — 20c2 Ly, — 28cO L Ly I, —

X xx x'xy XXx%xy XX%xy

8c8L Lyl — 20 Lol I, + 4cPBlnlyl, — 8cBL 2 Ly L, — 12¢LE I, + 6¢ 12 4 18c2 22 +

“This is relevant to anyone using a non-neural surface fitting approach, to help narrow down the
family of approximating functions.
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12¢° R + 142 Lo 2 + 18 Lo Lo + 4P Lo o + 12¢° 15 4 4¢P 2 +-10¢°15, 2 + 36 PR, I +

881l 15— 28¢0 Ly I3 —16cP 1y [y — 32 I Ly [y 4+ 91} +-12¢ 0 1 +-16 ¢ Lo Iy + 8P L I} +

8CBLZ I — 8Ll I3 + 4018 + 4cBLo IS + 21y, +14c2 121, + 160 L1, + 4CBISL,, + 4cVld, +
4cElLolyy + 2¢0L 1y, + 2B BE 1Ly, — 2¢°E 1, + 8SBEE L, — 2c%1u k5,1, — 20 L0y 1,1, —
32¢® Lyl Ly, — 4B Ll ol b Ly, + 42 Ly, +18¢° EE L, + 8P IR L, + 4! L L1, + 18P Bl I21,, +
28 Ly, + 4Ly By, 4 2¢°L 1, + 4PEL L, + 2B, + 12¢0°B 1, + 8CPIE, + 2¢° 1.2, +
SLLLE, — 8 Iklyl L, + 2¢°L 1, + 2P LB, + CLE, + 4L,

If for a given I, the univariate polynomial k;(c) has any real roots, then V N {A(1,0, -1)} #
{0}. Replacing c? with ¢, we can express k(c) = ¢* - 0(c*). We only care in this case about the

existence of positive real roots of this quartic 0(c*). The roots of this quartic take the form T

1
Ghp = —5 (3X+ W+ A8+ B2V2\ 41,1, Ly, + UV + X2 + ASX) (2.12)

where 4, B € {—1,1},and

5= \/4(ly + Ly 2 + (U + V)

U=Iu—1y, V=IL-PL

W= XX+Iyy X:I)Z(—i-I)Z/

If maxy g ¢ p is nonnegative, then V N {A(1,0, —1)} # {0} and the solution set X is hyper-

bolic, as shown on the left of Figure 2.7. If else, it is the four cones, as shown on the right.

fDerivation in BifurcationCriterion.nb

30



Figure 2.7: The two morphologies of Fy, projected onto R? for visualization. The red sheet F on the
left figure intersects the black line (2, 0, —1), whereas the right figure’s does not.

e & b b k&
A A A A B

Figure 2.8: As I varies smoothly, it may cross the threshold for which ¢ ; in Observation 2 changes
from negative to positive.
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2.4.1 RELATED APPROACHES TO POLYNOMIAL SOLVING

Quadric intersections arise as solution sets in many science and engineering applications.
This has motivated a large amount of research into solving quadric systems, analytically

and approximately, depending on the application. Levin et al.>*°3 compute intersections

of two (later, three) quadric surfaces using matrix algebra and parametric equations. De-
rive parametric expressions for intersection curve (called QSIC) of two surfaces. Idea: find a
parametrization surface that contains the QSIC, which reduces to finding the roots of a cubic
polynomial derived from the quadric surfaces’ subdiscriminants. We believe this is worthy
of future study in application to our problem. Kukelova et al.#” solve the intersection of three
quadric surfaces problem in the following way. They absorb one of the three variables into
the coefficient ring. They then arrange the degree-two terms on the left side of the equation,
and the degree-less-than-two terms on the right side in linear algebraic form. Here the coeffi-
cient matrices M(x) are all univariate polynomial valued. Using a neat substitution trick, they
reduce the problem to solving M(x)z = 0 for z and x. First, solve det(M(x)) = 0 for x. Unfor-
tunately, for the problem described in this thesis, det(M(x)) is still a terribly messy polyno-
mial since it’s symbolic in not just x, z but also in other symbolic variables. Kukelova et al.4®
propose an algebraic elimination-based method tailored to solving vision-inspired systems
where the image measurements only arise in linear polynomials. This method requires the
prior (offline) computation of Grobner bases. Homotopy continuation aims to solve a system
of equations by constructing a smooth family of similar equations that includes a continuous
path to an easily-solvable system within the family. An example of a software to do this is

Bertini®>%47, For the problem described in this thesis, we hope to approximation solutions
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to not one system, but to an entire family of systems. Therefore, we find that these existing

methods will not suffice, and are forced to find an alternative.
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The critical step in formulating the computational
theory... is the discovery of additional constraints
on the process that are imposed naturally and
that limit the result sufficiently to allow a unique

solution.

David Marr, Vision page 104

Consequences for Shape from Shading

We have seen that there is an unavoidable mathematical ambiguity in shape from shading

for the per-point case when lighting is unknown. Not only is there not one unique solution to
the ill-posed inverse problem, there is an entire two-parameter family of solutions. The pro-
posed point processor ® transforms image values at a single point I into an intermediate rep-
resentation of the consistent local shape-set in the form of a two-dimensional manifold pa-
rameterized by surface orientation, (fx,fy7 (bl(ﬂ(,jj,)). To demonstrate how this representation
of per-point shapes can be used for image analysis, we consider two simple, idealized scenar-

ios. In both cases, the per-point ambiguity is resolved (up to a discrete four-way choice) by
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exploiting additional information or assumptions.

In Chapter 2 we took the shading at a single point and turned that into a surface in R> of
possible solutions given that local shading measurement. What if we can see another point
near the first? Or what if we can see the same point, but with a different light source direc-
tion? In each case, we will be presented with an additional set of surface solutions. The next
task will be to find the set of solutions that are compatible with both measurements simulta-
neously, i.e. between both points, or between both light source directions. A crucial observa-
tion is as follows: the set compatible with both measurements is simply the intersection of
their respective solution surfaces. More concretely, we'll be looking at the following scenar-
ios.

1. Uncalibrated photometric stereo: given an unknown surface f* and two unknown di-
rectional light sources L, L', each of which generates an image measurement I, I’ at
pixel 0 € U, our point processor yields two solution sets F, F'. We will study the set

X:=FNF CR>.

2. Coquadratic” stereo: given an unknown surface f*, an unknown directional light source
L, and two pixel values q, q' € U, each of which generates an image measurement I, I,
our point processor yields two solution sets F, F'. We will study the set

X:=TFNTF C R’

where T, T' are simple but necessary linear transformations.

What do these intersections look like? Can we represent them concisely? What are their
dimensions? One challenge is that with such messy generating polynomials as (2.3), many of
our most immediate questions cannot be answered analytically and generally, even by com-

puter algebra systems. Our goal in this chapter is to discover what we can prove about such

“We call two pixels coquadratic if they lie on a common quadratic surface patch.
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intersections, and which properties then hold for generic surface/lighting pairings (f*, L).

We purposely introduced our solution set F as an affine algebraic variety, and we will use
that in this section. Any two measurements of the same scene should give rise to solution
sets that intersect at least at the true solution, because the true solution should always solve
the forward problem. Thus we expect f* € X. But are there other solutions? When does the
addition of a second measurement I’ resolve the ambiguity of unknown light source up to
finitely many points? This can be in general difficult to answer, but fortunately (extrapolating
from our theorem) we will see that the solution sets are zero loci of two polynomial systems
arising from the same family. Furthermore, we can study the intersection of these solution
sets using algebraic geometry.

The kinds of geometric questions we want to ask are

¢ Does X have any real solutions? If not, then a physical modelling assumption we made
earlier was probably violated: in the coquadratic case, this could mean that the two
pixels are not in the same perceptual grouping.

e What is the dimension of the real part of X? If it is zero, then X consists of finitely many
points.

e If X is of dimension zero, how many points does it consist of? Can we find analytical
expressions for those points? Do they bear any relation to the orbit of f* under the
automorphism group (p;, p,) from the previous chapter?

Many of these questions are easy to answer when variables like I, q, f* are mostly fixed;
see Examples 2 and 3. However, it quickly becomes much more difficult to answer questions
in the fully general case; see Proposition 1. More generalization requires letting more vari-
ables be symbolic, which requires operating over larger polynomial rings, with wilder gener-
ating polynomials. In this setting many algorithms hang up or fail to converge to a solution.

For an example of why generalizing makes things more difficult, see Section . In the following

36



sections, we will push generalization as far as possible; future work might be able to leverage
faster computer algebra algorithms as well as problem-specific symmetries to reach deeper

generalization than we do here, while using the same general algebraic approach.

3.1 POLYNOMIAL COMPLEXITY EXPLODES WHEN TRYING TO GENERALIZE

The goal of this section is to rephrase a well-studied problem in an algebraic way, and to
show that for fully general results the solution expressions quickly become unwieldy - see
Appendix A.g for more evidence of this. We will use a lower-dimensional toy example of pho-
tometric stereo when light is known for intuition; by this we mean that the surface set is tem-
porarily restricted to planar surfaces (i.e. given only by the surface orientation parameters
a, b). Given an image measurement and its corresponding light source direction at a single

point (the origin), the set of consistent surface planes is contained in the zero-locus of

0 :=w?(a®+b*+1) -1

0 :=w(ali+ bLy — L3) +1

This is a system of two equations in three variables, so it defines a hypersurface. This is an-

other example of ambiguity in shape from shading; it differs from our case because the light-
ing direction here is assumed to be known. Suppose, however that we add just another piece
of information: the image intensity I’ corresponding to another known light source direction

L’. This adds

0 :=w(aLy+bLy — L) + T
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to the set of constraints, thus making the system well-posed. Although we can now in prin-
ciple solve this system, we are not guaranteed a concise or easily-analyzed expression for
the solution. The two solutions (a, b) to the above example (illustrated in Figure 3.1 as the

orange points) are given by:

a s (I*LiLz + Lol3LiLy — LiLsL + PLLy — L3LILS 4 LiloLyLy — 1T (LsL) + LiL%)
+ (—(I'Ly — ILY)*(IP (L + L3 + 13) — L3L? — LALE + 2LiLoLqL, — L3L7 — L3L7
+ 2L3(LiL} + LoLy) Ly — (L2 4 L3)L%Z — 21 (LiL} + LyLy + L3Ly)
+ P(LE + L + L)) J(IP(LF + L3) — (LoLy — Laly)* = 20 (Lalg + Laly) + P(LE + 1)),
b (I®13L3 — BLZLY + ILy(LoLy — LiLy)(LaL; — LyL%) — II*Ly(2L3L) + LyLY)
+ IL{(—(I'Ly — ILY)2(I* (L3 + L5 + 13) — L3L? — LALY + 2L1LoLiLy — LALY — LALY
+ 2L3(LiLy + LoLy) Ly — (L2 + L3LZ — 211" (LiL; + LyLy + LaLb) + P(L? + L + L?)))/?
+I'(=La(LaLy — Lily)(LsLy — LiLy) + PLy(LsLy + 2LaLy) — La((I'Ly — 1) (—1*(LF + L5 + L3)
+ LALE + LAL2 — 2LyLoLiLy + LALY + LAL? — 2L3(LiL; + LoLh) LS + (L + L3)LY
+ 201 (LiL] + Lol + LaLy) — P(LE + 17 + L))V2) /((I'Ly — ILy) (I*(LF + L3)

— (LaLf — LyL%)* — 211 (LiLy + LoLY) + PF(LE + L)),
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and

a s (I*LiLz + LoL3LiLy — LiLsL?? + PLiLy — LALILS + LiloLy Ly — IT(LsL| + LiL%)
— (=(I'Ly — ILY) (I (L2 + L2 + L%) — 1AL — LA 4 2L4L,L L) — L2L?
— LALZ 4 2L3(L4Ly + LoLy)LY — (L2 + L3)LE — 211" (LiL; + LoLy + L3LY)
+ P(LE + L + L)) /P (L] + L3) — (LoLi — LaLy)? — 201 (LiL + LoLy) + P(LE + L)),
b (IPL5Ls — BLZLY + IL, (LoLy — LiLh)(LsL] — LiLy) — Ly (2L3L, + LoLY)
— Iy (—(I'Ly — ILY)2 (I (L2 + L3 + 12) — LALP — LAL? + 211 L, L Ly — L2L? — L3L}
+ 2L3(LL} + LoLy)Ly — (L3 + LE)LZ — 211 (LiL} + LoLy + LaLy) + P(L? + L + L2)))Y?
4 I'(—La(LoLy — LiLy)(L3Ly — LiL%) + PLy(L3LY 4 2LoL%) + Li((I'Ly — ILY)* (=1 (L? + L5 + L3)
+ LSLY + L3LE — 2LaLoLiLy + LELY + L3LY — 2L3(LiLy + LaLy)Ls + (L] + L3)LE
+ 201 (il + LoLy + LaLy) — P(LE + L + L)))V2)) /('L — 1L5) (I (L] + L3)

— (LpL} — LiLY)? — 211 (LyLy 4 LaLy) + P (L7 + LE))).

A cleaner factorization is possible but not obvious, especially in higher-dimensional set-

tings, i.e. where the surfaces might not be planar.

3.2 AN ALGEBRO-GEOMETRIC STRATEGY FOR ANALYZING INTERSECTIONS X

In each of the aforementioned scenarios, we study the intersection (a geometric object) us-
ing its set of generating polynomials (an algebraic object) as a proxy. In order to do this, we

require the following components.

Theorem 2 (Ideal-Variety Correspondence). If k is an algebraically closed field, then there is a
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F.(1) FL(T)

Figure 3.1: Classical calibrated photometric stereo: two simulated images of a quadratic surface f*
under different lights L, L', with measurements I, I at the same pixel location, give rise to solution

sets F; (I), F(I'), the intersection of which represents the set of surfaces consistent with both light

directions. Figure adapted from Marr’s Vision°®.

bijection between radical ideals and affine varieties.
This means that we can study F and F' individually by studying \/(C1, Cz, C3) and /(C}, C;, C5).

Lemma 1 (§3, Theorem 4'%). IfI and ] are ideals in k|xy, . . ., X, then V(I + ]) = V(I) N V()).

This means that we can study F N F' by studying\/\/(Cl, C2, C3) + +/(Cy, Gy, C%).

Lemma 2 (§3, Exercise 7.b.*®). Iffi,...,fr € k[x1,...,xy], where k is an arbitrary field. Then

VIH]=\VI+ V.

This means that we can study F N F' by studying,/(Cy, C;, C3) + (C;, Cy, C}).
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Lemma 3 (§3, Corollary 3'8). Iffi,...,fr € k[x1,...,xy], then

This means that we can study F N F' by studying\/<C1, G2, C3, (1, C), ).

Definition 5 (Radical decomposition of an ideal.). The radical decomposition of an ideal ] is
defined as a sequence G of ideals, of length k, for which:
1. The ideals of G are prime.

2. The intersection of the ideals of G is +/].

3. Gis minimal: no ideal of G contains the intersection of the rest of the ideals of G.

In Magma, the decomposition G is sorted so that it is always unique.

We'lllet] := (Ci, Gy, C3, C, €, C%), and decompose its radical, for which we have estab-
lished a bijection with X. Each element G; of the radical decomposition will reveal a distinct
irreducible component of the variety. One important note is that the following Magma com-
putations require an algebraically closed field, so our base field will be C. All this means
is that we’ll ignore those revealed components that are strictly complex, for the context of

shape from shading.

Notation 1. In the next section, we’ll be discussing each equation C; of system (2.3) as polyno-
mials in surface f, conditioned on true surface f*, true lighting L (both a priori unobservable by
the viewer), and pixel position q. That is, C;(f; f*, L, q). We will suppress q or L when their values

are obvious from context.
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Each image measurement I is by assumption derived from the local image (2.5) given by-

B+ (B + fx H Al — Ls
VU ok + o+ + fox + fp)? +1

I(x,y;f",L) = (3.1)

In the following section, our ultimate goal is that each statement should hold for every con-
ceivable I € 7, thatis, for all f* and L pairs. Furthermore, in Section 3.4 we want that state-
ment to hold at every pixel. Therefore, in this sense, for the remainder of this chapter I will
be considered as a function of f*, L, and q, and therefore each equation in the system (2.3)
will too. It should be noted that I will not naturally be a polynomial, or even a rational func-
tion. Fortunately, we can perform some convenient manipulation to the I vector to convert it

to a polynomial (see the transformations given in Section 4.2).

3.3 UNCALIBRATED PHOTOMETRIC STEREO FROM TWO PIXELS

Our flavor of uncalibrated photometric stereo tackles the local shape from shading problem
given two intensity measurements I,I € R®, generated by two unknown light source di-
rections L, L. We will examine the possible solutions to Equations (2.3), given various (un-
known to the viewer) surface/lighting pairs. In an effort to generalize as much as is currently

computationally possible, we let variables L3, L} be free in the following illustrative example.

Example 2. Consider two local image measurements given by f* = (—1,2,—4,3,3) at the
origin pixel: one with light L = (1, —1, L3) and the other with light L' = (5/6,3/4, L). Then for
generic L3, L, precisely four real surfaces are consistent with both image measurements, and

they are the orbit of f* under the group {(py, p,).
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Proof. The arguments in Section 3.2 suggest that we study the ideal

] = <C1(f7fk7 L)? C2(f7fk7 L)) C3(f7f*7 L)7 Cl(f7f*7 Ll)a CZ(f7 fk? L/)v C3<f7 f*a L/)>7

where L and L’ are substituted into Equations (2.3) where appropriate. The radical decompo-

sition of J is

G :=(e—3,d—3,c+4,b—2,a+1) — {f},
G, :=(e+3,d+3,c—4,b+2,a—1) — {pf},
Gs = (d+e/13,c— 46e/39,b — 8e/39,a — 19¢/39,e? — 1521/85) — {p,£} U {p, o p,f*},

G = (L3 —2/3,L} + 3,ac —10ad/3 + bd — 10be/3,

a? + b? — 2ad — 2be + 1) — generically strictly complex,
Gs = (L3 —2/3,L5 +3,a*+ b* +1) — strictly complex,
Gs := (d* — ce,ad + be,ac + bd, a® + b* +1) — strictly complex.

The G; represent all of the complex roots of system in J. The first two components are com-
posed of single real points, the third is composed of two real points, and the following three
components are generically strictly complex. By this we mean that G4 is strictly complex
whenever all of the following are satisfied: L3 = 2/3,L; = —3,3(ac + bd) = 10(ad + be),

and a® + b* + 1 = 2(ad + be). This holds for generic L, L. O

A more general result is desired, but the complexity of the expression for J prohibits that

for the time being.
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Flag)

Figure 3.2: Two simulated images of a surface under different lights, with measurements I, I, at the
same pixel location.

3.4 COQUADRATIC STEREO FROM TWO PIXELS

In this section we assume that our true surface patch is a quadratic, so it is entirely deter-
mined by some single f*. Therefore the measurement I(q) is a function of f* and L implicitly,
and q explicitly. While the relationships (2.3) hold at every such q € U, in the previous chap-
ter we mostly discussed measurements near q = 0. In order to compare measurements from
multiple pixels, we need to broaden this framework to explicitly handle arbitrary q. The fol-
lowing observation holds for quadratic local surfaces f. Quadratic surface vectors evaluated

away from the origin are related linearly to those at the origin, by the transformation

fa)=(0 o0 1 0o offo for q=(xy) €lUl.

We will refer to this matrix as Tq, with Ty the 5 x 5 identity matrix. For brevity define fy =

f(0,0). Then by definition f(q) = Tqfo. This change of basis ensures that we are comparing
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“apples to apples” with respect to our indeterminates f corresponding to the distinct pixels.

Example 3. Consider two local image measurements given by f* = (—1,—1,3,1,-2) and
L = (1,—1,15): one at pixel center q = (0, 0), and the other at q' = (1,2). Then precisely four
real surfaces are consistent with both image measurements, and they are the orbit of * under

the group (py, pa)-

Proof. Define the ideal
] = <Cl(f7 f*a 0)7 CZ(f; f*a 0)7 C3(f; f*7 0)7 Cl(Tq’f; fk) q,)v CZ(Tq/f; f*a q/)7 C3(Tq’f; f*> q,)>

The radical decomposition of ] is

Gi =(a+1,b+1,c—-3,d—-1e+2) — {f*}
G, ={(a—1,b—1c+3,d+1e—2) — {p:f*}
G3 := (e —144/29 a +7e/12,b — e/4,
c—17e/12,d — e/12) — {pf*} U {p, o p;,f*}
Gy = {(a®>+b*+1,cd,e) — strictly complex
Gs = (b*+3be +9¢*/4+1/5,a — 2b — 15¢/4,

c—e/4,d+e/2) — strictly complex

where G4 and Gs generate components that lie strictly in C°\R®, so we can disregard them.

O

This decomposition tells us that in this case, not only do the points {f*, p;f*, p,f*, p, o p,f*}

all satisfy the three principal equations (2.3) (a fact we could have deduced simply by plug-

45



ging in those values to those equations), but they are the only real solutions to it, and there-
fore the real components of the solution set are all zero-dimensional. We could have used Be-
zout’s bound to get an upper bound on the number of real solutions, but it would have been
quite loose as it would not have differentiated real solutions from complex solutions; all we
could ascertain from it would be that there are at most eight real solutions.

We should remember that these intersections we’re trying to compute aren’t just arbitrary
2-manifolds; they are members of a 2-parameter family of varieties, parametrized by (x,y).

They are pairs of fibers of a variety bundle, like shown in Figure 3.3.

Example 4. A simpler example of such a family is & = {g(fv.f;1) = I —f : I € R},
where we use the same variable names to show the ideological connection, but without any
physical relevance. For any I # T, the corresponding plane curves intersect only tangentially.

The only pairwise intersection of their varieties in R? satisfies f,] — f& = 0,f,I' — £ = 0,

2 1

S0 is (fx;fj/) = (0,0). At this point, the Jacobian matrix (_fo v

) for the system is singular.
This calculation was trivial because g happens to be a low-degree polynomial of few variables.

However, even checking the singularity of the Jacobian of system (2.3) is very difficult, and even

more so when non-origin pixels are considered.

Through repeated experiments we have found that the same phenomena seen in Exam-
ples 2 and 3 occurs for many choices of f*, L, q, @/, including when q is nonzero. We have
been unable to compute the primary decomposition in the most general form, wherein all
four of these variable vectors are symbolic. Therefore, we investigate other methods of ob-
taining a similar but slightly weaker statement for general f*, L, q;.

When fully expanded (and using the trick to “polynomialize” I from Section 3.4), each poly-
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nomial C;(f; L) € R[f] of system (2.3) can be decomposed as

Gi(f; L) = LiCV (6) + L2 (6) + LsC) (B

for some C,g) € R[f].

We conjecture that the linearity of C; in L affords us generalization for free.

Conjecture 1. Fixany t = (t1, t, t3) € R3. Define the parametrized ideal

3
Jt =y <tlc§1) + 607 + t3Cf3)> :
i=1

j=12,

2z.Then\/](TL): VK ie \/J(t) = /() Vt# L.

4y

in R[x]. Let K := <c§")>

=

This remark would imply that the result given in Example 3 holds not only for L = (1, —1,15)

as stated, but also for arbitrary L.

3.4.1 GENERALIZING TO ARBITRARY ORACLE-SURFACES AND PIXEL POSITIONS

Doing so introduces the tradeoff of (1) greater generality, at the cost of (2) greatly increasing
the degree of the €; and the number of variables. For this reason we are unable to compute
a similar decomposition to Example 3 for arbitrary f*, L, q. Instead, we relax our statement
and prove the following: The set of solutions that are compatible with arbitrarily many co-
quadratic pixels is precisely {f*, p,f*, p,f*, p, o p,f*}.

If the surface f* is truly an extended quadratic, then the point f* and its orbit should be
common to every pair of pixels q;, q;. That is, we should have the orbit as a subset of F;NF; for

every i, j, or equivalently the orbit gives rise to four 2-dimensional q-axis aligned subspaces
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possible solutions

Figure 3.3: A view of §. Expanding I into functions of f*, L, we can consider our generating system
(2.3) as polynomials €; in the ring F|q, f, f*, L] where F might be C, Q, or R, and its corresponding
variety an object § C R2T5+5+3,

ol B g

Figure 3.4: The idea behind finding 2-dimensional, q-axis aligned, subspaces in the larger variety. If
the surface fis truly an extended quadratic, then the point f* and its orbit should be common to every
pair of pixels q;, g;. That is, we should have the orbit as a subset of F; N F; for every i, j, or equivalently
the orbit gives rise to four 2-dimensional axis-aligned subspaces in the figure above. This inspires the
question: are there any others?
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in§.

We find the common intersection, for a particular L, by the following procedure. We rewrite
Eqns (2.3) evaluated at this L as bivariate polynomials with variables (x, y). Evaluate each
polynomial at (0, 0) and concatenate with the polynomial at (x,y). The sets of coefficients of
these six polynomials generate an ideal /.. These coefficients represent the set of conditions
on f, f* such that Eqns (2.3) is zero-valued for all q in the extended patch.

This is in a similar spirit to identifying the base curve of a pencil of degenerate conics (2.3).
If each variety in our family were related linearly by q, then in fact we could use the general
algorithmic solution of Farouki et al.?4 . However, in the language of that work, the compli-
cated relationship between the members of our family would make computation of the Segre

characteristic very difficult.

Proposition 1. Consider the image measurements given by L = {1,—1,15} and arbitrary
f* = (a*,b*,c*,d*, e*) € C° at as many pixels as desired. Then precisely four real surfaces are
consistent with all of those image measurements, and they are the orbit of f* under the group

(p1,p7)- Thatis,

Foo NR® = {f*, pif*, pif*, p; 0 pif*, p,f}
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Proof. The primary decomposition® of the radical /] is

G =(e—e,d—d',c—c*,b—Db* a—a") — {f}
G, =(e+e*,d+d",c+c*b+b* a+a*) — {p:f*}
G3 := (ec* — 2dd* + ce*,dc* — cd* + ed* — de*,

cb* + eb* + bc* — 2ad* — be*, ea* — db* — bd* + ae*,

da* + eb* — ad* — be*, ca* + db* — ac* — bd*,

ce+ e —2d 4 cre* — e d? 4+ e — d*t — 2,

cd + de — c*d* — d*e*, bd — ae + b*d* — a*e*,

ad + be — a*d* — b*e*, ¢ — 2 — c*? + e*?,

bc + be + b*c* — 2a*d* — b*e*,

ac + ae — a*c* — 2b*d* + a*e*,a® + b* — a** — b*%) = {p,F} U{p, o p,f}
Gy = (c*+e* c+eea* +db* — bd* — ae*,

da* — eb* — ad* + be*, d* + €% — d*% — e*?,

bd — ae — b*d* + a*e*,ad + be — a*d* — b*e*,

a® + b? — a*? — b*?) — strictly complex
Gs = {(e*,d*,c*,c+e,d®* + e bd— ae, ad + be,a’* + b*) — strictly complex
Gs = (c*+e* e d c,d? + e b*d* — a*e*,

a*d* + b*e*,a** + b*?) — strictly complex

G; = (e*,d*,c* e,d,c) — strictly complex

where the last four ideals generate components that lie strictly in C>\R®, so we can disregard

them. 0

tFanoKH_update.txt
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However, the variety Fo, := V(J) isn’t quite what we want; it’s a subset of our target
F(q;) N F(q,). At this point it is still possible that in Figure 3.4 some pair X;, X; could still inter-

sect nontrivially. For a two-shot result, we still need to prove that

Fjunk :== (F(q;) N F(q,))\Foo

is strictly complex. We saw anecdotal evidence for this in the previous section - in that case,
the primary decomposition showed that Fj,nx was empty in R. Exploring this in full general-

ity would be an interesting avenue for future work.

Remark 4. One may be tempted to simply minimize an objective like

2 3

o(l.q,q,) = mmZZa,JC, Tg,(f) (Qj))z (3-2)

j=1 i=1

for fixed weights a;; > 0. Unfortunately, this fails spectacularly if the surface patch is not
quadratic or when error is present in the image measurements.

Minimizing a functional like (3.2) is that the absolute magnitude of a generating polynomial
is meaningless in the presence of noise. In an algebro-geometric sense, the only thing that mat-
ters is whether or not a given polynomial p evaluates to zero on a particular point. Any nonzero
value (which is encountered for example when the measurements are noisy) can only indicate
that the point does not belong to the variety: not how far away the point is from the variety

with respect to whatever ambient space it may be embedded in.

Remark 5. Although not covered in this dissertation, it is conceivable that our two second-

order image measurements will provide sufficient information to reconstruct the local intensity
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Figure 3.5: Level sets @((f}, f}, fux: fiys fiy): I @, @2) = Kk for k = 10,1,0.1,0.01, left to right, weighted
equally. Point plotted is the ground truth curvature corresponding to f;, f;. Figure axes are fux, fiy, fy-

function, in which case one could perhaps derive uniqueness results from Xiong et al’”.
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Figure 3.6: For fixed f* (f(x,y) shown in upper left), five pixels q;, and associated measurements I;
(upper right), the bottom row shows various levels intersections of Grobner bases V; (supersets of
n(F(I;)). Pairwise intersections of the shape sets each include the ground truth f* and its orbit under
the automorphism group (denoted by the black points). Notice that the only intersection for all five
pixels is the same four points. This set nl§i<j§5(Vi N V;) gives some intuition toward Proposition 1.
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A Neural Approximator for @

Chapter 2 established an implicit representation (2.3) of the local shape set. To use this in
practice would involve solving an optimization problem for every image measurement as it
is observed. In practice, a faster feedforward shape retrieval method is preferred, meaning
one that does not need to perform this optimization with every new measurement. Unfortu-
nately, as is many times the case in algebraic geometry, having access to an implicit represen-
tation of the variety does not imply that an explicit representation will be easy to find: there
is no general-purpose algebraic “explicitization” procedure. This appears to be the case for

the system investigated by this dissertation.

54



This chapter proposes a neural point processor that is “plug and play” in the sense that
given an input I € Z, the processor returns a piecewise-linear approximation of F(I), without
requiring any optimizations to be performed online. We use a class of piecewise-linear func-
tions derived from neural networks to approximate the function ®(I) = {(fx,f,, ¢1(fc.fy))}
suggested in Equation (2.11).

The function ® has some properties that facilitate this approximation. Section 4.2 will ex-
plore some transforms under which the property of consistency is invariant. These are ways
in which any consistent pair of measurement and shape I, f can be simultaneously trans-
formed without affecting consistency, which allows for a lossless compression of the input
space Z from six dimensions to only two. More concretely, we can derive a group of linear
transforms T for which f € F,(I) ifand only if T'f € F(TI). These transforms can then be

used to “normalize” the vector I, effectively reducing it to two dimensions.

4.1 LEARNING MANIFOLDS

Nonlinear manifold learning is a broad topic underpinned by the assumption that a given
high-dimensional dataset lies on on or near to a low-dimensional manifold’. A common goal
is dimension reduction: to represent such a dataset by learning a projection to an associated
lower-dimensional domain. This work aims to do the inverse: to learn a graph ¢. Manifold
learning been approached from classical*****# and neural *> directions.

Most relevant to our work is learning 2-surfaces embedded in R3. (1) AtlasNet3! uses

deep learning to approximate the atlas of charts that define a parametrized surface. This

“This is actually a principal submatrix of T.
tAlthough we are, strictly speaking, working with a variety and not a manifold, we strongly suspect
that this variety is reasonably nonsingular and therefore behaves like a manifold.
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work bears some similarity to our point processor in that each neural network is used to gen-
erate a continuous image of a plane, i.e. an explicit representation of a chart. In the language
of that work, our I might be the shape feature. One difference is in our problem setup: the
point processor introduced in our work learns a family of sets {F(I) : I € Z} of much sim-
pler topology, where each atlas only has one chart. A technical difference is in the network
architecture, where we decompose our neural system into two components. (2) Occupancy
networks5° approximate a surface by training a neural network on a classification task; the
decision boundary of the classifier then approximates an implicit representation of the physi-
cal surface. Other work in deep implicit functions?® decomposes three-dimensional physical
space into a collection of learned implicit functions. These implicit methods are not directly
relevant to the problem in this thesis, as the analytical form of the implicit function is already
given by (2.3). A crucial spiritual distinction between these last two works and ours is that
rather than representing the height map of the surface itself as a physical manifold, we imag-
ine each candidate height map as being locally parametrizable by its first and second deriva-
tives, and those parameters being a point on some abstract manifold. Thus, the mapping be-
tween Euclidean spaces our network learns does not correspond to the height map of a chair,
say, but rather to a moduli space where every point represents a shape.

Since the structure of our target function is a graph, this problem becomes one of function
approximation. To this end our choices are classical (wavelets, splines, free-knot splines, etc.)
and deep. Neural networks have succeeded practically and theoretically in approximating
functions of various kinds: ReLU networks’ ability to express rational functions ®7, univariate
functions on a bounded interval >4, smooth functions in Sobolev spaces’?, and low-degree

polynomials?, to name a few. Probably the most famous result of this kind, the Universal Ap-
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proximation Theorem '? states that sigmoidal functions are dense in the class of continuous
functions over the unit hypercube. This implies that any continuous function over the unit
hypercube can be well-approximated by some single-layer neural network. The caveat is that
the width of that layer may be arbitrarily large. These works inspire confidence that neural
approximation is a promising route.

Each graph is represented by our point processor by a neural network of some height and
width. We currently rely on intuition and experimentation to select network architecture,
which lead us to the design choices in Section 4.2.4. Finding an “optimal” architecture3°7° for
these networks, or rigorously analyzing approximation error like the aforementioned works’

bounds, is beyond the scope of this thesis.

4.2 NORMALIZING IMAGE MEASUREMENT SPACE

Ideally our perception machine will be invariant to rotations and translations of the image
domain - like what is known as the class of nuisance transformations in computer vision.
That is, for a certain family of functions 7 from Z to itself, it should estimate the set F (I) as
accurately as it does F (7). In this respect, perception needs to be stable, regardless of the
viewer’s position relative to the image.

Florack et al.?® remarked that in order to introduce meaningful coordinates to the image
domain ¥/, one must consider not only the coordinates, but also groups of coordinate trans-
formations over which perception is to be stable. Only then can one identify those image
descriptors that are invariant under this transformation group. In a similar spirit, in this sec-

tion we will discuss symmetry transformations on maps ¢/ — Z.
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e, e,

Tu:U—U T I=T Tra : Fy— F|

Figure 4.1: A schematic of induced transformations and their notation.

We exploit some symmetries of the shape set, that are due to propagation of transforma-
tions on the image domain ¢/ , through to transformations on the set of realizable 2-jets 7.

In this section we describe several linear transformations 7;; of the image plane, and linear
transformations 7z, Tz that they induce. The action of one transformation can propagate
to actions on different domains like image measurement space Z and shape space R®. For
example, rotating the camera, surface, and light source around the viewing direction with-
out changing any other parameters induces a rotation of the image, which in turn induces an
action on the solution space F.

Three main types of transformations allow us to construct a bijection between the image
measurement space Z C R® and a “compressed” image measurement space Z C R2. We can
think of this bijection as a sort of normalization. In Section 4.2.1 we describe such a normal-
ization, and the bijection it induces on shape space. The following relationships are derived
from the generating polynomials in the main theorem. Notice that the lighting vector L plays
no role in the following discussion - this is a feature.

Case 1: 7Tz is a constant scaling of the image that leaves the contrast unchanged: 77 = ¢ - id
for c € R.. Rescaling the image range does nothing to the shape set F(I); in this case
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Case 2: Ty is arotation about the origin in the image domain. If 7, € SO(2),

o C G} 2GnGy G35,
n G -
Tu = [G G ]7 Ty = |GuGz GnGxp + GG GGy |
n G
G, 2G12Gy G5,
then
0 0
T, 0
Tz=10 Ty O TF(I)Z[ ~1]
0 0 7! 0 Tu
u

Deriving this is very straightforward; it relies on the linearity of the nth derivative.

Case 3: Ty is isotropic rescaling of the image plane, i.e. 7y = c - id for ¢ € R. Then

Tz = dlag(lv ¢ G, sz C27 Cz)? 7;7(1) = dlag(la Lec, C)‘

Substitution into (2.3) will confirm this.

Case 4: Ty is a “transfer” in the image plane between coquadratic pixels, i.e. Ty : (x,y) —
(x + dx,y + dy) for dx, dy € R within an extended quadratic surface. The study of trans-
lations is motivated by the desire to amalgamate shading information about multiple
coquadratic points on the same surface patch. The idea is that information at those

two pixels is not entirely redundant. If 7, : (0,0) — (px, py), then

[1 0 px py O 1
01 0 px py
Tezy==10 0 1 0 0
00 0 1 O
0 0 0 0 1

Case 4 is of a slightly different spirit than the others, and will be revisited in Section 4.3.2.

For Cases 1-3, one can verify that f € F(I) if and only if Rzf € F(7zI) , with Rz the principal

submatrix of 77 obtained by removing its first row and column.
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4.2.1 NORMALIZING TO Z

In this section we choose strategic transformations that allow us to normalize (I, Ix, I, I, Ixy, 1y)-
First,send I ~ 1through a constant rescaling. Second, send I, — 0 through a rotation

(see Lemma 4). Third, send I, +— 1through an isotropic rescaling. Together this yields

(1,0,1, I, Iy, Iy ). We call the image of Z under the composition of these three maps the

space I.

Lemma 4. The rotation-induced transformation ‘Tz that maps I, — 0, always maps I,,, to a

nonpositive value.

Proof. Under this transformation, 7;; is a rotation defined by

Iy I -1 I
Gi=——, Gp=—F—2—, Gy=—2—, Gp=———,
VETE B+ VETE VE+TE

S0
I I i
I +/E+E Iy
I, 3 0 1,
Tr: 1= — 1= =:
Elo+2Iidyly+ 11, =
IXX TI}/ IXX
I Ely+1ely (hy—To)— Lyl i
xy E+12 x
I Ely—2IxIyly+ il i
yy 1L yy
Over R, I,,, is the same sign as its numerator W := I, — 2Lyl 1, + L7, so we'll study

sgn(W) as a proxy. Recall that the point processor considers the point (x,y) = (0,0). By

the quadratic patch assumption the true surface f*(x,y) = ax + by + 1 (c®x + 2dxy + e)?),
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so at this point we have f* = (a, b, ¢, d, e)”. Recall also that I(0,0) = pL - N*(x,y)/||N*(x,y)|],
where N* = (—(9f/0x), —(0f/9y),1)T = (—a,—b,1)T and WLOG p = 1. Writing 1(0,0) as a
function of (f*, L*), we have

(d? — ce)?
|(1+ a? + b2)%/2(L} + LG + L)

W = L1y, — 2Lyl + Lol2 = (ali + bLy —L3)  V,

strictly negative by assumption
strictly positive

V:= L4 b*L? — 2abLily + L5 + a*L5 + 2aliLs + 2bLyL3 + a*L5 + b*L3

= (bLy — aly)* + (Ly + aL3)? + (Lp + bL3)*.

Since V can be written as the sum of squares, the entirety of W is nonpositive; therefore, 7yy is
always nonpositive. Furthermore, V can only be zero-valued when (a,b) = (—L1/L3, —L;/L3),

which generically will not occur. O
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All in all, these normalization transformations take the form

i 0 0 0 0 0
I i
0 B4R 134{1; 0 0 0
I Iy
0 iz mz O 0 0
- = A1
E 0 0 0 1% 2011, 12 (4-1)
2.4 12)% 2 2 7 L 2)\2
(IX'Hy) (Ix‘H)Z;) (1X+1y)
1] (E-P 111
0 00 e ER a
Xy x 1y x 1y
15 201l 12
O O 0 Yy _ xly X
(B+B) (B+B) (B+B)’
I I,
B+ B+I2 0 0 0
__ b I
BIE  \/BIE 0 0 0
2 ”2
— 0 0 1L 2111y, ; . 5
7}(1) (1)2(+I;)3/2 (1)2(+1}2))3/2 (1)2(+I§)3/2 (4- )
0 0 o lely 1(1)2(71)2,) ”xly
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A &+ B ST

(4.3)

By using these transformations to pre-process each of our point processor’s inputs I, and to
correspondingly post-process each output shape f, we reduce the effective image measure-
ment space from Z C R to the normalized space Z c R? x R C R3. We may thus refer to

i S i as a 3-vector.
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Figure 4.2: The structure of our two-stage network approximator ¢, for the map from vectors I to
functions ¢;. The right shows orientation domain and output samples for the same I as in Figure 2.5.
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4.2.2 APPROXIMATING F

In this section we consider the task of approximating the mapping from vectorsI € 7 to
functions ¢;, where we assume the two-dimensional I discussed in the previous section. Let
S be the class of multilayer perceptrons (MLP) with ReLU activations, of any size so long as
the input layer is size 2 and the output layer is size 3. Let ) € RM denote a concatenation
of the weights and biases of the chosen architecture, with M the total number of parameters.
Then every MLP hy, € S is a piecewise-linear map and with a good choice of 1 will well-
approximate ¢;. Then our problem becomes: givenI & 7, find the ¢ € RM that best approx-
imates the function ¢;. Of course, this means that y) depends on L. It remains to learn a map

between I and ;.

4.2.3 OUR PROPOSED NEURAL NETWORK

One convenient way to learn the map I — ¢ is to couple a pair of neural networks, with the

output of one network providing the weights of the other (see Figure 4.2). That is, we can use

(Pl(ﬁ(vfj/) = hgg(l) (fxaji/) ) (44)

where gg : R® - RM is a (fully-connected, few-layer) neural network with tunable weights
6 € RV and hy : R? — R3 is a (fully-connected, single-layer) neural network whose weights
) € RM are provided by the output of g. This means that under the hood, ¥ (and therefore
¢y) is a function of 6.

This is convenient because it provides a compact representation that can be efficiently

fit to a large set of training samples. We can fit the weights 8 by synthetically generating
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Figure 4.3: Samples of one of the F (I) sets, I € Z, on which the networks train. The left side is uni-
formly sampled from U, and the right side is obtained by solving the now-square system (2.3) numeri-
cally.

many measurements I and for each one computing many samples f from the corresponding
semi-algebraic set F (I) using Theorem 1 and Observation 1. This produces a set of samples

{19, £9))}, ; that we can use to solve

0 — arg;ninzz H (ff(y)7 (1) };J)) — hyy 00, <f)((i,f)7 yu‘)) Hz (45)
jo

via stochastic gradient descent. We chose Euclidean distance as our loss, but it is not neces-
sarily the most appropriate choice; for example, we could have used another suggested >

shape-space metric.

4.2.4 TRAINING DATA AND NETWORK ARCHITECTURE

Training requires samples I¥) € 7 as well as samples of the positive set F+(IU)) for each
3-vector I0). We generate the former by sampling light source directions L and quadratic
patches f and then applying Egs. (2.4) and (2.2) (and their spatial derivatives) to render im-

age 2-jets in Z, then compress them to get 3-vectors I0) in 7. Specifically, we sample the light
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sources uniformly from the subset of S contained in an angular radius of 7/4 from the view
direction (0, 0,1). We sample surface orientations fy, f, uniformly from the unit disk B2. By
Observation 1 it is sufficient to sample positive curvatures, so we sample fyy, fxy, fyy uniformly
from a bounded subset of R® N {fufyy — (fiy)? > 0} N {fux + f5y > 0}. We then use these to
generate image measurement samples, and compress those into 3-vectors IV),

To create samples of the positive shape set F+(I(f)), we first generate a dense set of sample
orientations {(ff(i) ,ff,i))} from the unit disk (these will also serve as input to network h,, later).
Then, for each 1Y) and for eachf)((i) ,ff,i) the corresponding “ground truth” second order shape
values X;,’j), X;,J) ,f},;,’j)) are computed by applying a numerical root-finder to (2.3). The result

is a training set

{(I(j), fw))}_ _

l’j

Numerical root finding can be expensive, but the simplification of the domain of gg (see the
previous section) in our case reduces the computational burden.

Our model effectively solves a continuous set of non-linear regression tasks, where each
“task” is a regression from R? to R3 for a particular image 3-vector L It is related to some ap-
proaches to meta-learning, which also try to learn models that handle many tasks simultane-
ously and adapt to new tasks quickly?>75, The differences are that our task-set is continuous,
and that we are not concerned with efficient adaptability.

For network gg : R3 — RM we use dy = 1hidden layer with wy = 25 ReLU nodes. For
network hy, : R* — R3 we use one hidden layer with w;, = 50 ReLU nodes. The total number
of tunable parametersis N = (3 + 1)wy + (wy + 1)M in a total of about 32 kilobytes, and

once the model is trained, the output description of the shape-set F(I) for any I consists of
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M = 3(2wp, + 1) rational numbers (the size of vector 1). The entire shape set at each image
point is therefore summarized by only M = 303 floating-point numbers, in just over 1 kilo-
byte. Figure 4.4 visualizes the quality of fit for a representative test measurement I that was
not used during training. When this procedure is complete, we perform the inverse transfor-

mation mapping Z — Z to “decompress” the local shape sets.

4.3 QUALITATIVE ANALYSIS AND APPLICATIONS

This point processor provides evidence that bolsters our uniqueness claims for the photo-
metric and the coquadratic applications from Section 3. The two experiments that follow do

not use the isometric scaling compressions, but they do use the rotational compression.

4.3.1 TwoO-SHOT PHOTOMETRIC STEREO

The per-point ambiguity can be resolved by capturing additional images of the same surface
under distinct light directions. When the light directions are unknown this is called uncal-
ibrated photometric stereo73239, In the traditional formulation, which is based purely on
surface orientation (f;, f;), it requires at least three images under three distinct lights 3. Our
point processor based on second-order shape provides a similar capability with only two
input images instead of three.

Consider two measurements Iy, I, generated at the same point from two (unknown) light
sources Ly, Ly. A simulated example is depicted in the top of Figure 4.6. The first measure-
ment I; limits the shape to being in the set F (I;), but within this set all shapes are equally

likely. Since the set is parameterized by surface orientation (fx,ﬁ/, @11(/3«]})), we can visu-
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12.862 12.8577

Figure 4.4: Visualization of the approximator’s interpolation error. This figure depicts ¢, for an I that
was randomly chosen from the convex hull of the training data set, but that was not used as a training
sample. The inset shows the four randomly-chosen solutions for which our approximation performs

worst, i.e. those f that maximize the error ||f — (£, f,, @;(f. /)] 3.
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with light L,

°1,

I2 (flﬁ, y)
\_' ) I
with light Ly s

Figure 4.5: Image measurements taken at the same pixel, of the same surface, with two distinct light
directions.

fy e
only I both I; and I

f 00
Relative Likelihood

Figure 4.6: Uncalibrated two-shot photometric stereo. The “likelihood” of different shapes using only
one measurement (left) or both measurements (right), visualized over the orientation domain. The
magenta dot indicates true shape used for simulation.
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alize the (uniform) “likelihood” over some reasonably-sized disk of the orientation domain
(fx.fy)- This is shown in the left of Figure 4.6, with the magenta dot indicating the orientation
of the latent true shape f* that was used for the simulation.

The second measurement I, further restricts the shape to being in the intersection of sets
F (L)) and F (Iz). Thus, we can improve the “likelihood” based on how close each shape is to

F.(I) N F4(I2). One way to quantify this is

L ) =] on (o) — o0 )| (4.6

for (fx,fy) in the disk. For our simulation, this updated two-measurement likelihood is shown
on the right of Figure 4.6, where it provides a successful identification of the true shape.
Recovering the correct per-point shape (up to the four-way choice) by this simple strat-
egy relies on the intersection F, (I;) N F4 (Iz) being a single point, as seems to be the case for
our simulation, as shown in Figure 4.6. Our experiments suggest this is typically the case, but
analytically characterizing the conditions for uniqueness may be a worthwhile direction for
future work. Also, resolving the four-way choice at each point would require making addi-
tional surface continuity assumptions, analogous to how “integrability” is used to reduce the

inherent global linear ambiguity in traditional three-shot photometric stereo’3.

4.3.2 SPATIAL CONSISTENCY IN THE COQUADRATIC CASE

An alternative way to reduce the per-point ambiguity F(I) is to design a 2D array of point
processors that are connected together by enforcing surface continuity across an extended

region of the input image. As a simple example of this, we consider the scenario in which the
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Figure 4.7: Four image measurements taken at four coquadratic points, i.e. four points from the same

quadratic surface.

L, L, I3 I, 1,15, 14
1

Y

I; only

0

Relative Likelihood

Figure 4.8: Combining shape information at multiple co-quadratic points. Given one measurement I,
all quadratic shapes in F (I;) are equally likely. This is depicted on the left as a constant relative like-

lihood over the domain of function ¢,. Incorporating measurements I; at two or more points modifies
the likelihood to have a maximum that is close to the true shape (magenta dot) modulo p,, p,.
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entire surface is an extended quadratic function, meaning one that satisfies (2.2) over the
entire image I(x,y) with some “true shape” values f* = (f;, f}, fox: fiy: fy)-

When the surface is known to be an extended quadratic, any single local shape f € F, (I;)
at one point, say the image origin, immediately predicts a corresponding local shape f at
every other point (x,y) in the image, via (fiy, fy),f,y) = (fu fiy: fry) and (£, f,) = (fe.fy) +

A(Xay) : (f;(xaf;(y,f;/y) with matrix

A(x,y) = . (4.7)

As before, we begin with a uniform relative likelihood over the shape set F (I;) obtained

by a single measurement at the origin in an input image of an extended quadratic surface
(Figure 4.7). Then given a measurement I, at one other point (xz, ), we use that information
to update the likelihood over the first set using (4.6), but with the term ¢y, (f;, f;) replaced

by @y, ((fe. fy) + A(x2,¥2) - @y, (fi. fy))- The updated two-measurement likelihood is shown in
Figure 4.8.

Despite our theoretical expectations, in our preliminary experiments the likelihood func-
tion L is sometimes not be a single pulse based on two coquadratic pixels alone. This could
result from approximation errors, namely undesired folds in the piecewise-linear approxi-
mation to the varieties. These artifacts might arise from overfitting the network, which could
potentially be resolved by increasing the number of training samples. One could resolve this
issue by continuing the process: adding information from additional measurements, I3 at
(x3,y3) and I4 at (x4, y4), each time updating the likelihood over the original set L(f;, f;) by

accumulating the intersection errors between F, (I;) and F, (I;). The evolution of this likeli-
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hood for three and four points is shown in Figure 4.8. We see that the composite likelihood
function achieves its global maximum at a shape f € F (I) that is very close to f* modulo the
irreconcilable four-way ambiguity. This is consistent with the area-based analysis of Xiong et

al.”* that proves the uniqueness of shape reconstruction for extended quadratric patches.
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Conclusion

This dissertation takes preliminary steps toward a deployable point processor for shad-

ing that does not require knowledge of lighting at a point or rely on accurate estimates of
that lighting. It suggests a new intermediate representation of the set of consistent second-
order shapes at each image point, in the form of an explicit differentiable, parametrized two-
dimensional manifold. It also provides two simple examples of how this new intermediate
representation can be used for shape analysis. The distinguishing feature of this approach is
that it has the potential to enable shape processing to succeed in real-world situations where

the lighting varies across surfaces and is therefore difficult or impossible to accurately infer.
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The contributions of this work are primarily theoretical, and turning this research into
practice will require substantial progress in several directions. This may include combining
multi-scale derivatives, creating spatial regularization schemes that are suitable for piece-
wise smooth surfaces, extending the approach from local second-order shape to local third-
order shape, and exploring the ability of the factored network architecture to represent more
general (e.g. non-Lambertian) rendering models and to be trained from images instead of
algebraic equations.

This dissertation is a jumping-off point for a number of interesting avenues of research.
One interesting direction for future work could be the incorporation of contour cues along-
side shading cues, or any number of other low-level vision cues. Another next avenue would
be to continue this local-to-global approach, addressing the global “consistency-constraining”
step. Finally, this work could benefit from a more thorough analysis conducted regarding the
ability of the ReLU network proposed here to approximate such systems of rational functions,
for example including error bounds. I look forward to the continued study of the inquiries

originating in this dissertation.
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Additional Detail

A.1 ALGEBRA PRELIMINARIES

A mathematical prerequisite is Cox et al.'®7, but other excellent algebro-geometric primers
are Hartshorne3> and Harris33. For real algebraic geometry, see Bochnak et al.*° or Basu
et al.® For differential topology, see Guillemin and Pollack3?. For elementary algebra, see
Gallian?®. In this section, we will recall some particularly relevant definitions3>'. Operators

will be written in bold to distinguish them from sets.

Definition 6. Let G be a group acting on a set X. The orbit of an element x in X is the set of
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elements in X to which x can be moved by the elements of G. The orbit of x is denoted by G - x =

{g - xlg € G}.

In this dissertation, we are particularly concerned with a particular such group G = (py, p,)-

Definition 7. The set of all orbits of X under the action of G is written X/G, and is called the

quotient of the action. In geometric situations it may be called the orbit space.

A.2 ALGEBRO-GEOMETRIC PRELIMINARIES

Definition 8 (affine n-space). Define affine n-space A}, (or simply A") to be the set of all n-
tuples of elements of a fixed field k. In our work, we will use k = R in the exact case, and k = Q
in the approximate case. Note that neither of these fields are algebraically closed. We call an
elementq € Aapoint andifq = (ai,...,a,) witha, € k then the a, will be called the

coordinates of q.

Definition 9 (zero-locus). LetA = k[xi, ..., X,] be the polynomial ring in n variables over k.
We can think of the elements g € A as functionsg : A" — k,q — g(q) := g(ay, . ..,a,) where

g€ Aandq e A". Thusif T C Ais a set of polynomials, we can discuss their joint zero-locus

V(T):={qec A"lg(q) =0 VgeT}

Definition 10 (algebraic set, Zariski topology). A subset Y of A" is called an algebraic set if
there exists a subset T C A such that Y = V(T). We define the Zariski topology on A™ by taking
the open subsets to be the complements of the algebraic sets. We also call an algebraic set a

variety.
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Definition 11 (variety defined by an ideal). Given anideal I C k[xi, ..., Xp|, define the set

V(I) = {a € k"|f(a) = 0 forall f € I}.

Definition 12 (ideal, elimination ideal). For any subset Y C A", define the ideal of Y in A by

I(Y) :={g € Alg(q) =0 Vq e Y}.

Given an ideal I = (fi,...,fs) C klx1, ..., Xy, the jth elimination ideal is

Ij =1N k[xj+17 L. ,Xn] - k[Xj-H, - ,Xn}.

We may also refer to I; as the xi, . . ., x;-elimination ideal.

Definition 13 (J. Levin). The pencil of two quadric surfaces is the set of quadric surfaces lin-
early dependent on them. If the two intersect, then the intersection is contained in every surface

of the pencil.

Definition 14 (radical of an ideal). LetI C k[xy,...,Xn| be an ideal. The radical of I, denoted
V1 is the set

{f: f" € Ifor some integer m > 1}.

A.3 OTHER DERIVATIONS OF THE KZs

A variant of Equations 2.3 were first derived by Kunsberg et al.>° using a differential-geometric

approach. We provide an alternate tensor algebra-based derivation that is consistent with
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both our Theorem 1 and their Equations C.1-C.3.

A.3.1 TENSOR ALGEBRA DERIVATION

We include an alternative derivation for completeness.

Proposition 2.

(Vaw?) (Val)V* + (Vg Va)Vw? = IWdNGITqv* + nglcwd((‘?dHca)vg

Dyu term Iy, term (dNv,dNu)¢ term third-order term

+wd (Vf)5<115d(va1) _ (le)llsa) Va

the VI term

Proof. Let w” be an arbitrary vector, and let v be a vector field. We begin with the observa-

tion that v*V,I = gpI°dN2v. Applying the covariant derivative operator to both sides,

LHS := V4(v?Val) = Va(gpl°dNEV®) =: RHS,

and the product rule gives us

LHS = (Vav*")(Val) + (V4Val)ve.

Since dN? = —g"Il,, and gj.g"® = 5%, we have

RHS = V4(gpI°dN2VY) = 8V p(Illoqv®) = V(I qv7)

= 'V (Heav®) + IV (Valleq) = Ellea(Vav®) + VOV q(Ileq) + HeqV* V gI°
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and by §2.3 of KZ, we have V4I° = IdNj. Suppose that v* is a constant vector field, i.e. it’s
always “the horizontal direction in the image plane”. Notice that V4 v* can be decomposed

into O4v? + ngve, but that 0,v? = 0 for a constant vector field v?. Therefore

RHS = Fllq(Vgv®) 4 V'V (Ileq) 4 Heqv®IdNG

= [HqTev° + ViV g(1leq) + Heqv? IdNG
We can also expand Vllq = Oyllcq — Fi’dllha - FZdIICh from the second term above. We have

RHS = o198 + IV (9glleq — T yIlhg — T 1) 4 Heqv® 1dNG
= I lqT9V° + IV glleq — VT Ig — VTR Iy 4 gV IdNG
= g DoV + IV Oglleq — IVT g — g DoV + Heqv*IdNG

= IV Oglleq — VT g + Hoqv®IdNG

Since [°Il4 is proportional to VI, the second term above is proportional to I°V? (Ilcd(Vf)h) Iy, =

(Val)(VH v = (Val) (V) V. Furthermore, 9411, = 04(n3He) = (94n3)Heq +

(OgHcq)n3 for 1/n3 = /1 + ||Vf][2. Applying w¥ to both sides, we have

(dedv“)(val) + (VdVaI)v“wd = Icwd(adng)Hcav" + n3ICWd(8dHca)Va

— W (VD) (VH v + willv IdNG)

Further examining the first right-hand term, I°(Oyn3)Hcq = I°(0gn3)(1lca/n3) = (Ogn3)(1/n3)(Vel) =

(V)¥llggnz(1/n3)(Val) = (Vf)*ll4(Vl). Finally, we will match these terms up to KZ’s rela-
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tions.

(Vaw®) (Val )V + (Vo VaWVW = w (VA g (Vl)V* + n3lw? (4Hq)Va

Dyu term Iy, term one of the VI terms third-order term

— wA(Val) (VA v + W AN qv°

one of the VIterms (dNv,dNu)¢ term

and rearranging,

(Vawh) (Val)V® + (Vg V)V W = W AN qv® + n3low? (04H 4 )Va

Dyu term Iy term (dNv,dNu)¢ term third-order term

+wd (Vf)S(nsd(val) - (le)llsa) Ve

the VI term

A.4 LINEARITY IN THE MAIN POLYNOMIALS

Restated from the main text, we begin with Equations (2.3),
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CEY) = 1((f +1) foy + o (=2 + fioly + fix))
+ (B+A+1) (Iu (B + £ +1) + 2L(fifix + fofy) »
CEY) = 1((f+1) £, — 2ffuhiby +Fy (f+1))
+ (R4 +1) (by (F +£ +1) + 2L(Rfy +£fw)
G(ED = (f+f +1) (Rhy + Afudy +fole) + ffly + il + fiyl) + Iy)

+1(fy (Bfy — fifofy + ) + fix (—fiify + fofs + fiy)

Since these are linear in I, they can be rewritten as a matrix equality,

(BADR,~2ffsfifyy 1 (1) 0 2y(ffothify) 0 0 ¥

(B —2fffedfo a5+ 2y(fifatfiofy) 0 P oo
0= I (A1)
fo(Bby—fibfo+hy ) o (Bfy—fdify+fy) Yfothby) Yifathfy) 0 ¥ 0

withy = £ + £ +1.

In Section 3 we proved that certain properties hold for observed image measurements
generated by ground truth light L. The goal of this section is to prove that that specification
was not a terrible limitation. That is, does the property shown then also hold for arbitrary L?
One way this might be solved is using the fact that Equations (2.3) are each linearin I, and I
is also linear in L. Therefore the reconstruction problem can be reframed as a condition on a
polynomial-valued 6 x 3 matrix M for which 0 = M(f; f, q;, q,) - L. This matrix can be derived

by expanding I into its analytical form as a function of L.
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Example 3 gives the solution set to

1
0=M (f; (i) ,(—1,1),(1,2)) - (fg)

By definition the surface fis consistent with I(f*, q;, q,) if and only if there exists nonzero
L € ker M(f; f*, q;, q;). What can we say about ker M(f; f*, q;, q,) when f*, q;, q, are not fixed?
The kernel of M is nontrivial if and only if M is not full-rank, which in this case is a rank of 3.

This turns the reconstruction problem into a single constraint
f~f,q,q < rankM(ff,q;q,) <3.

Following this path may provide a way of proving the statements made in this work for ob-

served images from generic ground truth light L.

A.5 SAMPLING FROM SURFACE SPACE

In this work we opted for representing the surface patches as points in Euclidean space, with
the usual metric. This choice will at least affect the way in which points are sampled for our
data-driven network approach. However, it is possible that there exist more appropriate met-
rics. For example, one could use the shapelet-space metric proposed in Koenderink et al.42

for the surface curvature representations.
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Their Cartesian coordinates are defined by

1
r= 50— f)
S=fy (A.2)

1
t= E(f;(x +fyy)7

and polar coordinates by

C=Vri+s2++¢

p = arctan _t (A.3)
V2 4t

= 1arctam (S)
?=3 r)’

The authors argue that geodesic paths in this shape space will be planar logarithmic spirals,

on planes passing through the origin. We expand upon this observation.

[

N
L/

The image on the right depicts the result of the orthogonal linear transform T and projec-

tion 7 (call this R := m o T) associating the plane to span{ej, e, }. In particular, given any
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3 i = = o— P
x,x € R°, wedefinen:=x x x,u := H%H’ Vi= ﬁ’ W= |I§§ZII _and
_ - T _ T
L | | |
= = d xx (xxx)
T u v ow H%H ||§§§’|| [Txx (xxx)]|
IR L

These spirals can be defined in polar coordinates by p = ae®®. Given two surflets (corre-
sponding to two pointsy = Rx,y’ = Rx € R? in post-R shape space) there is a unique loga-
rithmic spiral passing through those points and the origin. Express y,y’ in polar coordinates,

giving (r, @) and (r’, ¢’). Then the unique logarithmic spiral is given by equation

Since R is orthogonal, the geodesic distance between x, x’ will be the same as that of y, y'.

That is,

Lemma 5. The geodesic distance between x,x' # 0 is

2
dx,x)=|r—7| (i}?%) +1

where Rx =: (r, ) and RX' =: (', ¢').

Proof. FirstnoticethatZ = (5)¢ = In(f) = ln((i)ﬁ) = % In(£)and
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V14 b? /
d(x,x") = |arclength,(y) — arclength, (/)| = avit <e — eb? )

A.6 CODE: CONE FITTING IN MATHEMATICA

model = {#1A2, #2A2, #1, #2, #3, #1 #2, #1 #3, #2 #3, #3/2} & @EQ pp;
Imf = LinearModelFit[ model, {1, x2, y2, x, Yy, z, Xy, XZ, yz},

{x2, y2, x, y, z, xy, xz, yz}];
funfu_, v_, w_] := Imf["BestFitParameters"].{1, u*2, v*2, u, v, w,

uv, uw, v wt;
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Print[fun[u, v, w] - w*2 == 0];

where pp is the point cloud in R3.

A.7 CODE: RADICAL DECOMPOSITION CODE IN MAGMA

R := RationalField();

PQlg<a,b,c,d,e,w,x,y> := PolynomialRing(R, 8, "grevlex");
PQsm<ra,rb,rc,rd,re> := PolynomialRing(R, 5, "grevlex");
ta := -1;
tbh := 23
tc 1= -4,
td := 35
te = 3,
11 := 1;
12 := -1;
13 := 15;
x1l = 0;
yl := 0;
X2 = -1;
y2 = 2;

F1 := hom<PQlg -> PQsm | [ra, rb, rc, rd, re, 1, x1, yl]>;
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F2 := hom<PQlg -> PQsm | [ra, rb, rc, rd, re, 1, x2, y2]>;

// From GetEgs.nb and saved to KH PC. loads variable "KzZh".

load "Equations/KZs_expand_hom.txt";

// Evaluate sys at xi,yi.

sysF1 F1(KzZh);

sysF2 F2(KZh);

fullSysF := sysF1l join sysF2;

idF := ddeal<PQsm | fullSysF>;

dF,_ := Dimension(idF);
primesF := RadicalDecomposition(idF);
allprimes := primesF[1] meet primesF[2] meet primesF[3] meet

primesF[4] meet primesF[5];

mprimes:=MinimalBasis(allprimes);

// MB of Rad(I) is the same as MB of rad decomp of I

ridF:=Radical(idF);

mridF:=MinimalBasis(ridF);
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A.8 CODE: FINDING 2D SUBSPACES IN MAGMA

tCoefs := function(f, t)
fout := f;

for j in t do

fout := &cat[Coefficients(fout[i], j) : i in [1..#fout]];

end for;
return Exclude(Seqgset(fout),0);

end function;

R := RationalField();

PQog<a, b, ¢, d, e, w, x, y, ta, tb, tc, td, te> :=

PolynomialRing(R, 13, "grevlex");

PQlg<tl, t2, s, pa, pb, pc, pd, pe, tta, ttb, ttc, ttd, tte>

PolynomialRing(R, 13, "grevlex");

PQsm<ppa, ppb, ppc, ppd, ppe, pta, ptb, ptc, ptd, pte>

PolynomialRing(R, 10, "grevlex");

11 := 1;

12 := -1;

13 := 15;

w = 1;

num = [-1, 2, -4, 3, 3];

sym [tta, ttb,ttc,ttd,tte];
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sv := RSpace(PQlg, 5) ! sym; // Cast as a 5-vector in PQlg space.

load "Equations/KZs_expand_hom.txt";

ContractToPQsm := hom<PQlg -> PQsm | 0, 0, 0, ppa, ppb, ppc,

ppd, ppe, pta, ptb, ptc, ptd, pte>;

FanoMat := Transpose(RMatrixSpace(PQlg, 13, 3) !

[0, 0, pa,
0, 0, pb,
0, 0, pc,
0, 0, pd,
0, 0, pe,
0, 0, 1,
1, 0, O,
e, 1, 0,

0, 0, sv[1],
0, 0, sv[2],
0, 0, sv[3],
0, 0, sv[4],

0, 0, sv[5]]);

F:= hom<PQog -> PQlg | Eltseq(RSpace(PQlg, 3) ! [tl, t2, s]
Fh := [elem : elem 1in F(KzZh)];
Fc := tCoefs(Fh, {tl, t2, s});

fullSys := ContractToPQsm(Fc);
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fano := ideal<PQsm | fullSys>;
fanoMB := MinimalBasis(fano);
GroebnerBasis(fano);

print(fano);

print RadicalDecomposition(fano);

A.9 A GROBNER BASIS FOR THE SECOND ELIMINATION IDEAL OF (Cy, G, C3)

This polynomial is relevant to Section 2.4. Inclusion of this polynomial in its entirety is intended to
convey the difficulty in working with or analyzing it in the fully-symbolic case, i.e. where I is allowed
to vary freely. This polynomial can be derived from taking the second elimination ideal generated by
the three equations (i, Cz, C3 in the main theorem. Buchberger’s algorithm was used to generate this
polynomial; because finding S-polynomials involves a polynomial multiplication at each iteration, it
can return an expression that is quite unwieldy. This equation is significant because its zero locus is a

fairly tight superset of the set 7(X; I).
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4c4d2e21“1§1§y + 2c2d4921“1§1§y — 4c7d1X1§1§y — 12c5d3lx1§1},y - 12c3dslxljlf,y — 4cd7lx{‘3,l)2,y — 4c5de1X1;1§y - 1Zc4d3elxlf,1)2,y - 12c2c15e1X1;1§y - 4d7elxl)3,1},y + cgl;‘l},y +

AP 4 6ctd A + 4RO +dB AR At dr PP -8R PP

8123 52,123 3 213 6,72 13 6,223 402 27123 294 271213
L,L, L1, Mo Mo ey ny+4d leyy—Sc d elxlyy—16c d*el2P, —8cd! elxlyy+4c e leyy+8£ d“e leyy+4c d*e lxlyy.
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