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AćĘęėĆĈę

Shape from shading is a classical problem in computer vision, in which the depth ϐield of

an object or a scene is reconstructed from a pattern of intensities in an image. This can be

thought of in some sense as the inverse problem to geometry-based graphics rendering. In

this context, shading is deϐined as a function of illumination, surface geometry, and surface

characteristics like pattern or texture. Despite its enduring presence in the ϐield, shape from

shading is still largely unresolved. This dissertation shows that under the conventional dif-

fuse shading model with unknown directional lighting, the set of quadratic surface shapes

that are consistent with the spatial derivatives of intensity at a single image point is a two-

dimensional algebraic variety embedded in the ϐive-dimensional space of quadratic shapes.

This work rigorously deϐines a family of such varieties, describes its geometry, and alge-

braically proves existence and uniqueness results in the areas of two-shot uncalibrated pho-

tometric stereo and coquadratic shape from shading. This work introduces a concise, feedfor-

ward model that computes an explicit, differentiable approximation of the variety from the

intensity and its derivatives at any single image point. The result is a parallelizable processor

that operates at each image point and produces a lighting-invariant descriptor of the continu-

ous set of compatible surface shapes at the point. This processor is demonstrated on the two

aforementioned application areas.
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0
Introduction

TčĊ ĘčĆĉĎēČ ěĆėĎĆęĎĔēĘ in an image I(x, y) of a diffuse, curved surface induce a perception

of the surface shape f(x, y); mimicking this perceptual capability in machines is referred to

as recovering “shape from shading”ͥ͢,ͤͤ,͢͡. Established techniques for recovering shape

from shading exist in special cases where the strengths and locations of the light sources

around the surface are known a priori, or are somehow accurately inferred before the depth

reconstruction is attempted. These techniques can be understood as using a connected two-

dimensional array of image “point processors”, where each point processor reads the inten-

͟



Figure 1: The rendering model maps a surface to an image, which we locally represent as a mapping
between surface and image coordinate space.
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Figure 2: The set of local second order surface shapes {(fx, fy,fxx,fxy, fyy)} that are consistent with the
derivatives I = (I, Ix, Iy, Ixx, Ixy, Iyy) at one image point (black circle, left) satisfy three polynomial
equations. The zero locus (i.e., variety) is two-dimensional and is visualized here projected to three
dimensions (fxx, fxy, fyy). Each element of the variety is a local shape (four are called out) that produces
the image derivatives under some light direction. We show that for any non-degenerate I the two-
dimensional variety has four isomorphic components (colored in this example) and can be efϐiciently
approximated by a coupled pair of shallow neural networks.
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sity I at a single image point and, based on the known or estimated lighting conditions, calcu-

lates an intermediate numerical representation of the set of compatible local shapes at that

point, comprising a set of (or probability density over) local surface orientations {(fx, fy)}

at the point. Each of the intermediate per-point orientation sets is ambiguous on its own,

but when the array of point processors is connected together—by enforcing surface con-

tinuity and by including supplementary visual cues like occluding contours or top-down

semantics—one can begin to recover shapes f(x, y).

This has been the dominant paradigm for shape from shading for nearly ϐifty yearsͧ͡, but

it is far from satisfactory. Despite a half-century of research, the state of the art remains sen-

sitive to non-idealities and is rarely deployed without substantial aid from a human annota-

tor who ϐirst indicates occluding contours in an image or provides a segmentation of a rele-

vant diffuse surface region (see for example Figure ͟.͟). One reason for this fragility is that

lighting is typically non-uniform across surfaces, due to self-shadowing and other physical

effects. This makes it difϐicult to infer the lighting conditions for each image point, which

in turn distorts the per-point orientation sets {(fx, fy)} upon which reconstruction is based.

Moreover, even when lighting is uniform across a surface, the veridical location and strength

of a scene’s dominant light source can be impossible to infer from an image due to inherent

mathematical ambiguitiesͧ. In comparison, monocular human vision seems to perform quite

well at perceiving diffusely-shaded shape, at least modulo these ambiguities͢͢, despite being

quite poor at inferring lighting͟͢.

This dissertation introduces a point processor for shading that might help address these

deϐiciencies, by providing per-point constraints on shapewithout requiring knowledge of

lightingͥ͡. The input to the processor is a measurement comprising a vector of spatial deriva-
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tives of intensity at one point, denoted by I := (I, Ix, Iy, Ixx, Ixy, Iyy), Koenderink’s ͠-jet͢͡. The

internal structure of the processor is a coupled pair of shallow neural networks, and the pro-

cessor’s output is a compact representation of a continuous set of compatible local second-

order shapes F(I) := {(fx, fy, fxx, fxy, fyy)} in the form of a parametrized two-dimensional

manifold in Rͭ. The processor provides useful per-point constraints because even though

there are many compatible shapes F(I), the overwhelming majority of shapes are ruled out.

Our main contribution is an algebraic analysis of Lambertian shading that provides the

foundation for the point processor’s internal structure and the format of its output. Specif-

ically, we prove that the set of compatible local second-order shapes F(I) are contained in

the zero-set of three polynomial equations, i.e., are contained in a two-dimensional algebraic

variety in Rͭ. We show that special properties of this variety allow it to be represented in

explicit form by a function from Rͪ to Rͫ, which in turn can be approximated efϐiciently by a

small system of simple neural networks.

The most important property of this point processor is that it is “invariant to illumination”

in the sense that the output shape-set F(I) always includes the veridical local second-order

shape, regardless of how the surface is lit. This means that while a surface lit from different

directions will generally induce different measurements I at a point, and while these differ-

ent image measurements will in turn produce different shape-sets F(I), all of the predicted

shape-sets will include the true second-order shape at that point.

As examples of how the point processor can be used for image analysis, we describe two

scenarios in which the intrinsic two-dimensional shape ambiguities F(I) at each point can

be reduced to a discrete four-way choice by exploiting additional constraints or information.

One scenario is uncalibrated two-shot photometric stereo, where the input is two images of

ͣ



a surface under two unknown light directions. The other is quadratic shape from shading,

where the input is a single image of a shape that is quadratic over an extended region. We

demonstrate these using synthetic images, leaving the development of robust algorithms and

deployment on captured photographs for (near) future work.

Throughout this dissertation, we assume a frame of reference such that our measure-

ments are graphs of some polynomial function. We represent these local surface height and

image values as vectors of their coefϐicients – applying the Monge-Taylor map – ignoring de-

pendence of fxx on fx. This is to say that we are not attempting to solve any partial differential

equations; instead, we are studying algebraic constraints in a local linear coefϐicient coordi-

nate space.

This dissertation will be structured in the following way. We will introduce the problem of

shape from shading, and historical attempts to solve it. We will then propose a new approach

that is algebraic in nature. We will review existing ways to solve polynomial systems such as

the one we propose, and describe why they are insufϐicient in this setting. We will propose

our own local solver driven by a deep-learning inspired function approximation. Finally, we

will explore applications and describe implications to various computer vision problems. We

will introduce topic-speciϐic related work at the beginning of each section as we incorporate

new subϐields.

ͤ



1
Background and Related Work

MĔĘę ĊĝĎĘęĎēČ ĆĕĕėĔĆĈčĊĘ ęĔ ĘčĆĕĊ ċėĔĒ ĘčĆĉĎēČ rely on a per-point relationship be-

tween scalar intensity I and surface orientation (fx, fy). If the lighting comes from a single

direction, for example, then the set of compatible surface orientations is a right-circular cone

with axis equal to the light direction and apex angle proportional to intensity (see Figure ͟.͟).

Similarly, if the lighting is a positive-valued function deϐined on the directional two-sphere

then the set of compatible orientations is well approximated by a one-dimensional mani-

fold deϐined by the light function’s spherical harmonic coefϐicients up to third degreeͤ͠,ͣ.

ͥ



Figure 1.1: Left: Given an image intensity measurement at a point, and a known light source direction,
the solution set is reduced to a one-parameter family of surface normals. Right: Segmentation into
relevant diffuse surface regions.

Regardless, any such relation between intensity and surface orientation necessarily requires

prior knowledge of, or accurate estimates of, the lighting at every surface point. Despite sub-

stantial recent progressͥͥ,͡,ͤ͡,ͥ͠, including the abilities to accommodate some amounts of

non-uniform lighting and non-uniform surface material properties, obtaining useful results

continues to require substantial help from a human, who must ϐirst label the region that con-

tains a continuous surface and/or indicate the locations of occluding contours. We will refer

to this requirement as the need for a prior “perceptual grouping” of the image into such re-

gions.

In contrast, we follow Kunsberg and Zuckerͣ͞ by enhancing the per-point analysis to con-

sider not just the intensity and surface orientation at a point, but also higher order deriva-

tives of intensity (and shape). This allows eliminating the dependence on lighting entirely,

and it suggests the possibility of a different approach where perceptual grouping and shape

reconstruction can occur without explicit knowledge of lighting, and perhaps with lighting

being (approximately) inferred later, as a by-product of shape perception. In this thesis I con-

sider just the ϐirst step toward this possibility: the design of the essential point processor.

ͦ



We are also motivated by the results of Xiong et al.ͤͧ, who consider a local area processor

instead of a pure point processor, and show that the intensity values in an extended image

patch determine the extended quadratic shape up to a discrete four-way choice. This four-

way choice leads to the automorphism group that we describe in Section ͠.

Many previous shape from shading studies assume prior knowledge of light sourceͣͥ,ͤ͞.

The lighting may be speciϐied by a general reϐlectance map͡, by a directional sourceͤͧ,ͣ͞, or

by its spherical harmonicsͣ. On the other hand, some thought has been given to the setting of

unknown light source, under the same types of lighting conditions. Our work addresses the

case of an unknown directional lighting source, and expanding to more general lighting maps

is an interesting area of future research.

The work in this dissertation is complementary to recent learning-based approaches͠͠,ͦ

to monocular depth estimation that aim to exploit diffuse shading and many other bottom-

up cues while also exploiting contextual cues in large image datasets. One of our goals is to

explore alternative front-end architectures and interpretable intermediate representations

that can improve the generality and efϐiciency of such systems in the future.

Shape from shading has traditionally been approached by solving a ϐirst-order PDE over a

swath of an image; this differs from our more local, point-based approaches. However, these

types of PDE methods implicitly assume that the image has been segmented beforehand into

diffuse versus non-diffuse regions. These approaches also tend to use only ϐirst-order inten-

sity information, rather than incorporating second-order as we do. A subset of the litera-

tureͣͦ,͟͠,ͧ͢,ͣ͟,ͣ͞,ͦ͡ phrases shape from shading not as solving a PDE, but as solving a system of

polynomial or rational equations. Of course, the questions of existence and uniqueness also

arise for algebraic systems; such a solution set is associated to a well-studied type of mathe-

ͧ



Figure 1.2: Examples of local visual ambiguities. One such phenomenon is known as the fourfold am-
biguity, wherein a viewer not given the light source is unable to distinguish convex shapes from con-
cave shapes, and saddle shapes from spherical shapes. The above images are due to Pentland59, and
the below images are due to Xiong et al.70

matical object called an algebraic variety.

The broadest objective of this dissertation is to describe the set of solutions to shape from

shading when lighting is unknown. Shape from shading is a classical problem in computer

vision, and this thesis reformulates it via a system of algebraic equations at each pixel. The

solutions to this system represent the set of shapes consistent with a given image measure-

ment, and this thesis proposes a feedforward way of describing this solution set that at each

pixel that is compact and does not require online iterations.

͟͞



But surely if artiϔicial intelligence research is to

claim victory over the vision problem, then it has

to embrace the whole domain, understanding not

only the problem solving aspects, but also the phys-

ical laws that underlie image formation and the

corresponding symbolic constraints that enable the

problem solving.

Berthold K. P. Horn, Understanding Image

Intensities͢͞, ͧͥͥ͟ 2
Geometry of Local Shape Sets

TčĊ ĎđđĚĒĎēĆęĎĔē-ĎēěĆėĎĆēę ĕĔĎēę ĕėĔĈĊĘĘĔė ĎēęėĔĉĚĈĊĉ Ďē ęčĎĘ ĉĎĘĘĊėęĆęĎĔē is in-

spired by the work of Kunsberg and Zuckerͣ͞, who use differential geometry to derive three

lighting-invariant rational equations that relate the image ͠-jet I at a point to the surface

height derivatives f at that point. We take an algebro-geometric approach instead, which

provides an abbreviated derivation of equivalent equations and also reveals that the set of

shapes that solves SfS is an algebraic variety with useful structure explored by this and the

following chapter.

͟͟



We show that this solution set is equipped with an automorphism group that naturally

divides it into four isomorphic pieces, allowing the entire set to be represented by any one

component. We then relate one piece of the shape set to a continuous function φI from Rͪ

to Rͫ, which implies that the point processor is equivalent to a map from vectors I ⊂ Rͮ to

continuous functions φI : Rͪ 7→ Rͫ. This analysis provides the foundation for a fast, ofϐline

neural network approximation of the mapping from vectors I to functions φI, which appears

in Section ͢.

͠.͞.͟ EĝĎĘęĊēĈĊ Ćēĉ UēĎĖĚĊēĊĘĘ Ďē SčĆĕĊ ċėĔĒ SčĆĉĎēČ

When confronted with an inverse problem, two questions must immediately be addressed,

namely existence and uniqueness of a solution. Does a solution exist, or is the solution set

empty? Is the solution unique, or are there ϐinitely many – or even inϐinitely many – equally

valid solutions? Well-posedness then means existence and uniqueness of a solution, while

ambiguity refers to a solution that exists but is not unique.

PDE-based approaches have borne some compelling existence-uniqueness results. Brooks͟͡

studies ambiguity in images of planar surfaces, among others, that arises from the observa-

tion that any image having constant intensity must have been generated by some ruled sur-

face. Introducing new information, such as boundary conditions, can reduce this ambiguity.

Kozera et al.ͣ͢ is a more recent critique of that work. For a pinhole camera and a directional

light source located at camera center, Prados et al.ͤ͟ proves that under appropriate bound-

ary conditions, the proposed PDE has a unique solution.

The boundary conditions that allow the PDE approaches to in some cases establish exis-

tence and/or uniqueness of solutions to SfS are unfortunately not applicable when solving

͟͠



SfS in a local way. Consequently, local SfS opens the door to many more possible ambiguities,

as is noted in Ecker et al.͟͠. A critical example of such ambiguities encountered in local SfS

arise when the light source is unknown. Kunsberg and Zuckerͣ͞ use differential geometry

to derive a set of equations relating surface to image that are invariant to light. Agreement

with the equations derived in their main theorem is fundamental to our work. Shape from

shading as a depth-perception tool is strengthened when combined with other visual cues

and available information from photometric stereo, to specularity, to contours. Basri et al.͢

perform depth from photometric stereo, in the case where the lighting source is distant and

isotropic, but otherwise unknown. Drbohlav et al.͠͞ argue that when lighting is unknown

and the surface is specular, just two measurements will sufϐice to reconstruct the shape.

Todorovic et al.ͤͦ suggest that, given a two-dimensional shaded ϐigure, the shape of its con-

tours can can help a viewer resolve shape-from-shading ambiguities.

͠.͞.͠ SčĆĉĎēČ Ćēĉ SĚėċĆĈĊ MĔĉĊđĘ

Our analysis applies to any point in a ͠D image where the reϐlectance is roughly Lambertian.

We assign the coordinates (ͨ, ͨ) to the point of interest and let I(x, y) denote the intensity

in a bounded local neighborhood U ⊂ Rͪ of that point. We refer to U as the receptive ϔield,

and its maximum size of will of course depend on the curvature of the surface f(x, y); in tra-

ditional shape from shading one typically assumes f is reasonably smooth, so under this as-

sumption Uwill be reasonably large. With this being said, to be safe we recommend choosing

U that is no larger than is required to robustly compute a discrete approximation to the ϐirst

and second spatial derivatives of I(x, y) at the origin.

Ignoring its traditional deϐinition, we use pixel to denote a single point in the continuum U.

͟͡



This is done with the goal of distinguishing a physical point on the continuous image space

with an abstract point in surface-solution space.

Within the neighborhood U, we assume that the image is the orthographic projection of

a curved Lambertian surface, and that the surface can be represented by a height function

f(x, y). The surface albedo ρ ∈ R+ is assumed to be constant within U. We also assume that

the lighting is uniform and directional within U, so that it can be represented by L ∈ Rͫ with

strength ∥L∥ and direction L/∥L∥. Under these assumptions the intensity is

I(x, y) = ρL · N(x, y)
||N(x, y)||

, (x, y) ∈ U, (͠.͟)

where

N(x, y) :=
(
− ∂f
∂x

(x, y),− ∂f
∂y

(x, y), ͩ
)T

is the normal ϐield. Note that we allow for the projection, albedo, and lighting to vary outside

of neighborhood U, so reasonable smoothness assumptions on these maps should sufϐice.

We assume that the surface f is locally smooth enough around the point (x, y) that we can

ignore any third or higher order derivatives at that point.

f(x, y) = fxx+ fyy+
ͩ
ͪ
(
fxxxͪ + ͪfxyxy+ fyyyͪ

)
. (͠.͠)

We refer to f := (fx, fy, fxx, fxy, fyy) ∈ Rͭ as the local shape at the point (x, y). In particular

we have f(ͨ, ͨ) = (a, b, c, d, e). We assume that all local shapes are not ϐlat or cylindrical, or

more precisely are nondegenerate in this sense:

͟͢



f = (−1, 2, 3, − 4, 3.5)

f, L1 ↦ I1

L1 L2

f, L2 ↦ I2

Figure 2.1: How the local image Ii changes with light source direction Li, for a ϐixed surface f.

Deϐinition ͟. We say that a local shape f is nondegenerate if

(fxx + fyy)(fxxfyy − fͪxy)(ͬfͪxy + (fxx − fyy)ͪ) ̸= ͨ.

Call the set of all nondegenerate local shapes Σ; this set is full-dimensional in Rͭ.

Local shapes can produce many different image intensity patterns depending on the light-

ing direction; this is illustrated in Figure ͠.͟ for ten such light directions. We call the set of

all possible image ͠-jets generated by any combination of local shape and lighting realizable,

and we say that a realizable image ͠-jet produced by a particular shape is consistent with

that shape.

Deϐinition ͠. The set of realizable measurements I is the set of vectors v ∈ Rͮ for which there

exists a light direction L ∈ Rͫ and nondegenerate local shape f such that v = I when shape
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Figure 2.2: We assume a Lambertian reϐlectance model, and measure local image measurements
about a point.

model (͠.͠) is combined with shading model (͠.͟).

Basically, an image measurement is realizable if it could have been generated by the mod-

els we assume.

Deϐinition ͡. If for a pair (I, f) ∈ I × Rͭ there exists such an L, we say that I and f are consis-

tent. This means that for some light direction, f is a valid explanation of image measurements

I.

The objective of the point processor will be, given an observation I, to retrieve thew set of

consistent local shapes f.

͠.͟ LĔĈĆđ SčĆĕĊ SĊę

Our immediate goal is to characterize the set of shape that are consistent with observation I

for any light direction. We’ll refer to this set of shapes as F(I). This set of admissible shapes

turns out to be contained in the locus of real solutions to three polynomial equations. A cru-

cial feature is that the albedo and lighting do not appear in these equations.
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Theorem ͟. Assume the shading model of (͠.͢) and the surface model of (͠.͠), and suppose

we are given a measurement I ∈ I generated by some unknown surface/lighting combination.

Deϔine polynomials

Cͩ(f; I) := I
((
fͪx + ͩ

)
fͪxy + fxx

(
−ͪfxfxyfy + fxxfͪy + fxx

))
+
(
fͪx + fͪy + ͩ

) (
Ixx
(
fͪx + fͪy + ͩ

)
+ ͪIx(fxfxx + fxyfy)

)
,

Cͪ(f; I) := I
((
fͪx + ͩ

)
fͪyy − ͪfxfxyfyfyy + fͪxy

(
fͪy + ͩ

))
(͠.͡)

+
(
fͪx + fͪy + ͩ

) (
Iyy
(
fͪx + fͪy + ͩ

)
+ ͪIy(fxfxy + fyfyy)

)
,

Cͫ(f; I) :=
(
fͪx + fͪy + ͩ

) (
fͪxIxy + fx(fxxIy + fxyIx) + fy(fxyIy + fyIxy + fyyIx) + Ixy

)
+ I
(
fxy
(
fͪxfyy − fxfxyfy + fyy

)
+ fxx

(
−fxfyfyy + fxyfͪy + fxy

))
.

Then any nondegenerate local shape f ∈ Rͭ that is a valid explanation of measurements I will

satisfy Ci = ͨ ∀i. Equivalently, the afϔine variety F := V(
√

⟨Cͩ, Cͪ, Cͫ⟩) contains the set of all

shapes f consistent with I.

Later in this document, we will allow I to vary freely, as a symbolic vector; this will turn

Equations ͠.͡ into a parametrized system of polynomials, thus deϐining an incidence variety

F in Rf × RI. See Amendola et al.͟ for some solutions to such incidence varieties. For now,

assume we are given a ϐixed numeric image measurement I that deϐines our polynomial sys-

tem. We will use P(I) to denote this system, or P in places where I is ϐixed (i.e. considered a

numeric vector rather than a variable). Finally, we use the notation V(·) to denote the variety

corresponding to an ideal; this is essentially the zero locus of the generating polynomials.

Many times it will be useful to think about the set of local curvatures consistent with a lo-
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Figure 2.3: Clockwise from top left: For ϐixed image measurement I and ϐixed surface orientation
fx, fy, the zero-loci of Cͩ, Cͪ, Cͫ, respectively blue, orange and yellow, (1) from afar and (2) zoomed in
near the origin. (3) The space curves obtained from pairwise-intersecting these degenerate quadric
surfaces. The black dots denote the pairwise intersections of the space curves. As fx, fy vary, so do
these loci, and the corresponding black points trace out (4) the surface π(X).
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cal image measurement; that is, the projection π(F), where we deϐine π : (fx, fy, fxx, fxy, fyy) 7→

(fxx, fxy, fyy). Such a projection is visualized in the lower right-hand corner of Figure ͠.͡.

͠.͠ PėĔĔċ Ĕċ TčĊĔėĊĒ ͟

Proof. For brevity let a, b, c, d, e = fx, fy, fxx, fxy, fyy. We begin with Lambert’s law for some

ϐixed I vector,

I(x, y) = ρL · N(x, y)
||N(x, y)||

, (x, y) ∈ U, (͠.͢)

with N(x, y) := (−(∂f/∂x)(x, y),−(∂f/∂y)(x, y), ͩ)T = (−a − cx − dy,−b − dx − ey, ͩ)T. Since

we do not require L to be unit, we can effectively absorb ρ into it. This turns (͠.͢) into

I(x, y) = −(a+ cx+ dy)Lͩ + (b+ dx+ ey)Lͪ − Lͫ√
(a+ cx+ dy)ͪ + (b+ dx+ ey)ͪ + ͩ

(͠.ͣ)

= −w((a+ cx+ dy)Lͩ + (b+ dx+ ey)Lͪ − Lͫ), (͠.ͤ)

with

w :=
ͩ√

(a+ cx+ dy)ͪ + (b+ dx+ ey)ͪ + ͩ
.

Rearranging this,

ͨ = w((a+ cx+ dy)Lͩ + (b+ dx+ ey)Lͪ − Lͫ) + I(x, y), (͠.ͥ)

ͨ = wͪ((a+ cx+ dy)ͪ + (b+ dx+ ey)ͪ + ͩ)− ͩ. (͠.ͦ)

Taking ϐirst and second order partial derivatives of (͠.ͥ) with respect to x and y, then eval-
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uating each resulting derivative at the point (x, y) = (ͨ, ͨ) gives us the local system

s := wͪ (aͪ + bͪ + ͩ
)
− ͩ

rͨ := w(aLͩ + bLͪ − Lͫ) + I

rx := wͫ(−(ac+ bd))(aLͩ + bLͪ − Lͫ) + w(cLͩ + dLͪ) + Ix

ry := wͫ(−(ad+ be))(aLͩ + bLͪ − Lͫ) + w(dLͩ + eLͪ) + Iy

rxx := wͫ (ͫwͪ(ac+ bd)ͪ − cͪ − dͪ
)
(aLͩ + bLͪ − Lͫ)− ͪwͫ(ac+ bd)(cLͩ + dLͪ) + Ixx

rxy := ͫwͭ(ac+ bd)(ad+ be)(aLͩ + bLͪ − Lͫ)− dwͫ(c+ e)(aLͩ + bLͪ − Lͫ)

− wͫ(ad+ be)(cLͩ + dLͪ)− wͫ(ac+ bd)(dLͩ + eLͪ) + Ixy

ryy := wͫ (ͫwͪ(ad+ be)ͪ − dͪ − eͪ
)
(aLͩ + bLͪ − Lͫ)− ͪwͫ(ad+ be)(dLͩ + eLͪ) + Iyy

and we refer to the vectors (rͨ, rx, ry, rxx), (rͨ, rx, ry, rxy), and (rͨ, rx, ry, ryy) as rͩ, rͪ,

and rͫ, respectively. Each of these seven polynomials is linear in the Li; thus, if L :=

(Lͩ, Lͪ, Lͫ, ͩ), we can write this system as ri = AiL, where Ai = Ai(w, f, I) is a square

functional-entried matrix:
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Ai =



aw bw −w I

cw
(
ͩ−aͪwͪ)−abdwͫ dw

(
ͩ−bͪwͪ)−abcwͫ wͫ(ac+bd) Ix

dw
(
ͩ−aͪwͪ)−abewͫ ew

(
ͩ−bͪwͪ)−abdwͫ wͫ(ad+be) Iy

ρiͩ ρiͪ ρiͫ ρiͬ


ρͩͩ =wͫ

(
ͫaͫcͪwͪ + ͮaͪbcdwͪ − a(dͪ(ͩ− ͫbͪwͪ) + ͫcͪ)− ͪbcd

)
ρͩͪ =wͫ

(
bcͪ(ͫaͪwͪ − ͩ) + ͮabͪcdwͪ − ͪacd+ ͫbͫdͪwͪ − ͫbdͪ

)
ρͩͫ =wͫ

(
cͪ(ͩ− ͫaͪwͪ)− ͮabcdwͪ + dͪ(ͩ− ͫbͪwͪ)

)
ρͪͩ =wͫ

(
ͫaͫdͪwͪ + ͮaͪbdewͪ − a(eͪ(ͩ− ͫbͪwͪ) + ͫdͪ)− ͪbde

)
ρͪͪ =wͫ

(
bdͪ(ͫaͪwͪ − ͩ) + ͮabͪdewͪ − ͪade+ ͫbͫeͪwͪ − ͫbeͪ

)
ρͪͫ =wͫ

(
dͪ(ͩ− ͫaͪwͪ)− ͮabdewͪ + eͪ(ͩ− ͫbͪwͪ)

)
ρͫͩ =wͫ

(
ͫaͫcdwͪ + ͫaͪbwͪ(ce+ dͪ)− ad(−ͫbͪewͪ + ͫc+ e)− b(ce+ dͪ)

)
ρͫͪ =wͫ

(
− bd(−ͫaͪcwͪ + c+ ͫe) + ͫabͪwͪ(ce+ dͪ)− a(ce+ dͪ) + ͫbͫdewͪ

)
ρͫͫ =wͫ

(
c(−ͫaͪdwͪ − ͫabewͪ + d) + d(−ͫabdwͪ − ͫbͪewͪ + e)

)
ρͩͬ =Ixx ρͪͬ = Iyy ρͫͬ = Ixy.

Notice that for each i, detAi = wͫ(dͪ − ce)Ci, and that s = ͨ =⇒ w ̸= ͨ. Suppose

¬(Ci = ͨ ∀i). That is, ∃i : Ci ̸= ͨ. Due to the non-degeneracy assumption and the

constraint imposed by s that w ̸= ͨ, this is equivalent to ∃i : wͫ(dͪ − ce)Ci = detAi ̸=
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ͨ ⇐⇒ ∃i : ker(Ai) = {ͨ}. This is equivalent to ∃i : ∀L ̸= ͨ, AiL = ri ̸= ͨ,

which is to say that there exists an iwhich, regardless of L, will always violate one of

the Lambert partial derivative conditions. This implies ¬((f, I) are consistent). The

contrapositive of this argument is that under the stated assumptions, (f, I) consistent

implies that Ci = ͨ ∀i.

Remark ͟. The real solutions to these equations are identical to those of Corollary ͦ.ͤ of Kuns-

berg et al.ͧ͢; we offer our algebraic derivation as an alternative to the differential-geometric

approach presented in that work.

Theorem ͟ states that the set of local shapes that are consistent with a given measure-

ment I ∈ I must satisfy a set of three algebraically independent polynomials and thus, by

deϐinition, is contained in a real two-dimensional algebraic variety embedded in the ϐive-

dimensional shape space. This variety is analogous to the one-dimensional manifold of sur-

face orientations in classical shape from shading, and it provides substantial constraints on

local shape, because although there are still inϐinitely many admissible local shapes, the vast

majority of shapes are disqualiϐied.

The variety for a particular measurement I is visualized in Figure ͠.͡, projected from the

ϐive-dimensional shape space to a three dimensional space that corresponds to the second-

order shape dimensions (fxx, fxy, fyy). Additional examples are in Figure ͠.ͤ, which shows how

the varieties change for different measurements. As elements ofR[f], polynomials Cͩ, Cͪ, Cͫ

are determined by parameters I ∈ I , so the variety F(I) is as well. We may therefore deϐine a

map Φ : I 7→ F(I). This leads us to the interpretation of the system as a smooth ϐiber bundle,

with base space I , ϐibers F(I), and section Φ.
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Remark ͠. Each polynomial Ci is irreducible in f, I, and therefore each V(Ci) is irreducible.

However that does not imply that the intersection of those varieties F is irreducible. An exam-

ple may convince the reader of this: the polynomials gͩ = xͪ − y and gͪ = x − ͩ are each

irreducible, but the intersection V(gͩ, gͪ) reduces to components {(ͩ, ͩ)} and {(−ͩ, ͩ)}.

Remark ͡. Why not just solve this system of equations given a measurement I, i.e. online?

We prefer a robust feedforward engine that takes an image measurement and outputs a set of

shapes compatible with that measurement, without needing to optimize anything online. This

amounts to ϔinding an explicit representation for the implicit form presented in Theorem ͣ, that

applies to symbolic I rather than just numerical. However, as is often the case in algebraic ge-

ometry, such an explicit representation may not be readily available in an analytical form. In

order to achieve this representation, we exploit symmetries inherent to the system and approxi-

mate it using a pair of coupled neural networks.

͠.͡ SĞĒĒĊęėĎĊĘ Ĕċ ęčĊ đĔĈĆđ ĘčĆĕĊ ĘĊę

At this stage we have an implicit description of a shape set F(I) in terms of generating poly-

nomials (͠.͡). For a useful point processor, we want instead an explicit representation, as

well as an efϐicient way to calculate (and store) that explicit representation for any particular

image ͠-jet I. An explicit analytic representation remains out of reach: when I and fx, fy are

ϐixed, the solutions of (͠.͡). can be interpreted as the intersection of three quadric hypersur-

faces (see Figure ͠.͡). Algebraic solvers for ϐinding the intersection of three quadric surfaces

have been proposedͤ͟,ͤ͢, but these will not sufϐice for the symbolic systems we seek to solve.

Fortunately, the varieties exhibit three properties that make them easier to approximate.
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In Section ͠.͡.͟ we show that the variety is equipped with an automorphism group that

naturally divides it into four isomorphic pieces, allowing the entire shape set to be repre-

sented by any one piece (Observation ͟). Then Section ͠.͡.͠ relates the one piece to a contin-

uous function φI from Rͪ to Rͫ, which implies that the point processor is equivalent to a map

from vectors I ⊂ Rͮ to continuous functions φI : Rͪ 7→ Rͫ. As we will see later in Section ͢,

these two properties enable an efϐicient point processor in the form of a neural network ap-

proximation of the mapping from ͠-jet I to functions φI (see Figure ͢.͠). Examples of how

this representation can be used for shape from shading are described in Section ͡.

͠.͡.͟ A ĈĚėěĆęĚėĊ-ĘĊČĒĊēęĎēČ ĆĚęĔĒĔėĕčĎĘĒ ČėĔĚĕ

Each variety F(I) exhibits two useful symmetries that allow it to be partitioned into four iso-

morphic components, and therefore represented more compactly by just a single compo-

nent. This partition applies everywhere except on what is generically a single pair of points

of F(I). Thus, while we must technically deϐine this partition over a “punctured” variety

(what we will call Fͨ below), in practice we can typically ignore this distinction, and may, in

what follows, drop the subscript. The symmetries follow from those described for extended

quadratic patches by Xiong et al.ͥ͞ and can be veriϐied by substitution into Eqs (͠.͡).

Observation ͟. There exists a subset F+(I) ⊆ F(I) whose orbit under the automorphism group
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generated by

ρͩ : (fx, fy, fxx, fxy, fyy) 7→ −(fx, fy, fxx, fxy, fyy)

ρͪ : (fx, fy, fxx, fxy, fyy) 7→
ͩ√

ͬfxͪy + (fxx − fyy)ͪ



fxfxx − fxfyy + ͪfyfxy

ͪfxfxy + fyfyy − fyfxx

fͪxx − fxxfyy + ͪfͪxy

fxxfxy + fxyfyy

fͪyy − fxxfyy + ͪfͪxy



(͠.ͧ)

is precisely Fͨ(I), where

Fͨ(I) := F(I)\V(ͬfͪxy + (fxx − fyy)ͪ).

More details about the morphology of Fͨ are given in Section ͤ.ͦ.

For ϐixed I and fx, fy, there will be an even number, and up to eight, real solutions to Eqns (͠.͡),

each of which corresponds to a local shape that is some combination of concave/convex and

saddle/spherical. Figure ͠.ͣ shows an example where the variety’s four components are

clearly visible, and where the four highlighted surfaces comprise one orbit.

We can choose any of the variety’s four components to be the representative one. The com-

ponent that corresponds to shapes with positive curvatures is convenient to characterize, so

we choose that one and call it the positive shape set.

Deϐinition ͢. We call the semi-algebraic set

F+ := {f ∈ Fͨ : fxx + fyy > ͨ and fxxfyy − fͪxy > ͨ} (͠.͟͞)
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Figure 2.4: The ϐixed points {fxx, fxy, fyy} of ρͩ, ρͪ when fx, fy are left free. These surfaces partition the
ambient (curvature) space into regions where shapes have positive and negative Gaussian and mean
curvature, respectively.

Figure 2.5: Four quadratic surfaces with a common orientation (fx, fy) ≈ (ͭ.ͮͩ,−ͬ.ͨͫ) at the origin.
When each surface is lit from a particular direction it produces the image I(x, y) shown right. The four
surfaces make up a single orbit of the automorphism group in Observation 1. This ϐigure is compara-
ble to Figure 11 of Kunsberg et al.50

the positive shape set. This subset F+(I) is the set Fͨ(I)modulo the group action of ⟨ρͩ, ρͪ⟩.

This set π(F+) is depicted in Figure ͠.ͤ among others as the red sheet. It is easily veriϐied

for non-planar images that ͨ /∈ F+, that there exist no real ϐixed points of ρͪ, and that by

Deϐinition ͟ ͬfͪxy + (fxx − fyy)ͪ ̸= ͨ on F+(I). Therefore the maps ρͩ, ρͪ are well-deϐined on

F+(I).

͠.͡.͠ F+(I) ĆĘ Ć ČėĆĕč

Our aim is now to ϐind a parsimonious representation of the positive shape subset F+(I) (and

thus of the entire shape set F(I)) for general I ∈ I , as well as an efϐicient way to compute this

representation for any particular measurement I. Since F(I) and its subset F+(I) are deter-
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t = −1.5 t = 0.5 t = 1.5 t = 2.5

Figure 2.6: Sets (π ◦Φ)(I) for I ≈ (ͩ− t, -ͬ.ͩͨ, -ͭ.Ͱͯ, -ͩͪ.ͬͩ, -ͩͫ.ͬͩ, -ͪͨ.ͫͨ) + t, varying t. If I is the base
space of a variety-bundle, we can think of Φ as being a section of that bundle. Thus, this ϐigure depicts
ϐibers of a curve I(t) ⊂ I .

mined by I, we may deϐine a map

Φ : I 7→ F+(I).

In order to represent this map Φ in a simpler way, we observe that π(F+) appears to be

a (two-dimensional) surface in Rͫ that can be traced out by the surface normals. We see ev-

idence of this by plugging in normals fx, fy to Equations (͠.͡) and then solving the resulting

system for fxx, fxy, fyy. Based on this we assume that each positive subset can be parametrized

by surface orientation (fx, fy), so that the map Φ(I) = {(fx, fy, fxx, fxy, fyy)} can be decomposed

as a graph

Φ(I) = {(fx, fy,φI(fx, fy))}, (͠.͟͟)

with φI : Rͪ 7→ Rͫ a continuous function.

While we frame it here as an assumption, this decomposition may in fact be exact. The

Implicit Function Theorem guarantees existence (and uniqueness) of a function φ(fx, fy) =

(fxx, fxy, fyy) in a local neighborhood of every f for which the Jacobian of system (Cͩ, Cͪ, Cͫ) is

nonsingular. This Jacobian is taken with respect to fxx, fxy, fyy, meaning that it is a ͡×͡ matrix.
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While proving that the Jacobian is always non-singular—that is, non-singular for any I ∈ I

and any real (fx, fy)—remains an open problem due to the complicated expressions involved,

we conjecture that it is true. Experimentally we have never witnessed a singular Jacobian,

and we can prove non-singularity in simpliϐied cases like the following.

Example ͟. Consider the case in which the measurements I satisfy Ix = Iy = ͨ, i.e. in which the

images normal is parallel to the viewing direction. In this case the determinant of the Jacobian

of system (Cͩ, Cͪ, Cͫ) with respect to surface curvatures is

det Jac = γ((ͩ+ fͪy)fxx − ͪfxfyfxy + (ͩ+ fͪx)fyy)

where γ = −ͬ(fxxfyy − fͪxy)/(ͩ+ fͪx + fͪy)
ͭ. This has a real solution only if its discriminant taken

with respect to fx,

discrfx det Jac = γ((ͩ+ fͪy)(fxxfyy − fͪxy) + (fͪxy + fͪyy)),

is strictly positive. On F+(I), the term fxxfyy − fͪxy > ͨ, so discrfx det Jac < ͨ over R. This implies

that there are no points in F+(I) where the implicit function fails.

Unfortunately, the function Φ is extremely complicated, and it is unlikely that an analytic

form can be obtained; we approximate it instead using a data-driven approach in Section ͢.
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͠.͢ TčĊ ĘčĆĕĊ Ĕċ F.

Depending on the image measurements, Fmay exhibit one of two morphologies*, shown in

Figures ͠.ͥ and ͠.ͦ.

Observation ͠. For c∗A,B a function of I/I as deϔined by (͠.͟͠), if

max
A,B∈{−ͩ,ͩ}

c̄∗A,B

is nonnegative, then ρͪ(F+) is a hyperbolic paraboloid. If it is positive, then ρͪ(F+) is a hyper-

boloid of one sheet. In either case, F+ is a hyperboloid of one sheet.

Without loss of generality, assume the ϐirst coordinate of I as follows is ͟; we can do this

because uniformly scaling I has no effect on F. The change in morphology of Fͨ(I) occurs

when the sheet F+(I) intersects the line λ(ͩ, ͨ,−ͩ), λ ∈ R. In this case, fxx = fyy and fxy = ͨ.

This is the singularity of ρͪ.

Let C̃i(f) := Ci(̃f)with f̃ := diag(ͩ, ͩ, ͩ/(ͩ+aͪ+bͪ), ͩ/(ͩ+aͪ+bͪ), ͩ/(ͩ+aͪ+bͪ))f. We deϐine

g as a Gröbner basis for the ideal J̃ :=
√
⟨C̃ͩ, C̃ͪ, C̃ͫ⟩ ∩ R[fxx, fxy, fyy], evaluated at x = y = ͨ.

Such a polynomial g(fxx, fxy, fyy) is included in Appendix section A.ͧ for completeness (if not

brevity).

Plugging fxx = fyy and fxy = ͨ into the Gröebner basis for F̃ yields the polynomial

k(c; I) = cͩͮ + ͮcͩͬIͪx + ͱcͩͪIͬx + ͬcͩͨIͮx + ͪcͩͬIxx + ͬcͩͪIͪxIxx + ͪcͩͨIͬx Ixx + cͩͪIͪxx + ͪcͩͨIͪxIͪxx +

cͰIͬx I
ͪ
xx − ͪcͩͪIͪxy + ͩͨcͩͨIͪxIͪxy − ͪcͩͨIxxIͪxy + ͪcͰIͪxIxxIͪxy + cͰIͬxy − ͪͨcͩͪIxIxyIy − ͪͰcͩͨIͫxIxyIy −

ͰcͰIͭxIxyIy − ͪͨcͩͨIxIxxIxyIy + ͬcͰIͫxIxxIxyIy − ͰcͰIxIͪxxIxyIy − ͩͪcͰIxIͫxyIy + ͮcͩͬIͪy + ͩͰcͩͪIͪxIͪy +
*This is relevant to anyone using a non-neural surface ϐitting approach, to help narrow down the

family of approximating functions.
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ͩͪcͩͨIͬx Iͪy + ͩͬcͩͪIxxIͪy + ͩͰcͩͨIͪxIxxIͪy + ͬcͰIͬx IxxIͪy + ͩͪcͩͨIͪxxIͪy + ͬcͰIͫxxIͪy + ͩͨcͩͨIͪxyIͪy + ͫͮcͰIͪxIͪxyIͪy +

ͰcͰIxxIͪxyIͪy−ͪͰcͩͨIxIxyIͫy−ͩͮcͰIͫxIxyIͫy−ͫͪcͰIxIxxIxyIͫy+ͱcͩͪIͬy+ͩͪcͩͨIͪxIͬy+ͩͮcͩͨIxxIͬy+ͰcͰIͪxIxxIͬy+

ͰcͰIͪxxIͬy −ͰcͰIxIxyIͭy +ͬcͩͨIͮy +ͬcͰIxxIͮy + ͪcͩͬIyy+ ͩͬcͩͪIͪxIyy+ ͩͮcͩͨIͬx Iyy+ͬcͰIͮx Iyy+ͬcͩͪIxxIyy+

ͬcͩͨIͪxIxxIyy + ͪcͩͨIͪxxIyy + ͪcͰIͪxIͪxxIyy − ͪcͩͨIͪxyIyy + ͰcͰIͪxIͪxyIyy − ͪcͰIxxIͪxyIyy − ͪͨcͩͨIxIxyIyIyy −

ͫͪcͰIͫxIxyIyIyy−ͬcͰIxIxxIxyIyIyy+ͬcͩͪIͪyIyy+ͩͰcͩͨIͪxIͪyIyy+ͰcͰIͬx IͪyIyy+ͬcͩͨIxxIͪyIyy+ͩͰcͰIͪxIxxIͪyIyy+

ͪcͰIͪxyIͪyIyy + ͬcͰIxIxyIͫyIyy + ͪcͩͨIͬy Iyy + ͬcͰIͪxIͬy Iyy + cͩͪIͪyy + ͩͪcͩͨIͪxIͪyy + ͰcͰIͬx Iͪyy + ͪcͩͨIxxIͪyy +

cͰIͪxxI
ͪ
yy − ͰcͰIxIxyIyIͪyy + ͪcͩͨIͪyIͪyy + ͪcͰIxxIͪyIͪyy + cͰIͬy I

ͪ
yy + ͬcͰIͪxIͫyy.

If for a given I, the univariate polynomial kI(c) has any real roots, then V ∩ {λ(ͩ, ͨ,−ͩ)} ̸=

{ͨ}. Replacing cͪ with c̄, we can express k(c̄) = c̄ͬ · O(c̄ͬ). We only care in this case about the

existence of positive real roots of this quartic O(c̄ͬ). The roots of this quartic take the form †

c̄∗A,B = − ͩ
ͪ
(
ͫX+W+ Aδ+ Bͪ

√
ͪ
√
ͬIxIyIxy + UV+ Xͪ + AδX

)
(͠.͟͠)

where A,B ∈ {−ͩ, ͩ}, and

δ =
√
ͬ(Ixy + IxIy)ͪ + (U+ V)ͪ

U = Ixx − Iyy V = Iͪx − Iͪy.

W = Ixx + Iyy X = Iͪx + Iͪy.

IfmaxA,B c̄∗A,B is nonnegative, then V ∩ {λ(ͩ, ͨ,−ͩ)} ̸= {ͨ} and the solution set X is hyper-

bolic, as shown on the left of Figure ͠.ͥ. If else, it is the four cones, as shown on the right.
†Derivation in BifurcationCriterion.nb
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Figure 2.7: The two morphologies of Fͨ, projected onto Rͫ for visualization. The red sheet F+ on the
left ϐigure intersects the black line (λ, ͨ,−λ), whereas the right ϐigure’s does not.

Figure 2.8: As I varies smoothly, it may cross the threshold for which c∗A,B in Observation 2 changes
from negative to positive.
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͠.͢.͟ RĊđĆęĊĉ ĆĕĕėĔĆĈčĊĘ ęĔ ĕĔđĞēĔĒĎĆđ ĘĔđěĎēČ

Quadric intersections arise as solution sets in many science and engineering applications.

This has motivated a large amount of research into solving quadric systems, analytically

and approximately, depending on the application. Levin et al.ͣ͠,ͣ͡ compute intersections

of two (later, three) quadric surfaces using matrix algebra and parametric equations. De-

rive parametric expressions for intersection curve (called QSIC) of two surfaces. Idea: ϐind a

parametrization surface that contains the QSIC, which reduces to ϐinding the roots of a cubic

polynomial derived from the quadric surfaces’ subdiscriminants. We believe this is worthy

of future study in application to our problem. Kukelova et al.ͥ͢ solve the intersection of three

quadric surfaces problem in the following way. They absorb one of the three variables into

the coefϐicient ring. They then arrange the degree-two terms on the left side of the equation,

and the degree-less-than-two terms on the right side in linear algebraic form. Here the coefϐi-

cient matricesM(x) are all univariate polynomial valued. Using a neat substitution trick, they

reduce the problem to solvingM(x)z = ͨ for z and x. First, solve det(M(x)) = ͨ for x. Unfor-

tunately, for the problem described in this thesis, det(M(x)) is still a terribly messy polyno-

mial since it’s symbolic in not just x, z but also in other symbolic variables. Kukelova et al.ͦ͢

propose an algebraic elimination-based method tailored to solving vision-inspired systems

where the image measurements only arise in linear polynomials. This method requires the

prior (ofϐline) computation of Gröbner bases. Homotopy continuation aims to solve a system

of equations by constructing a smooth family of similar equations that includes a continuous

path to an easily-solvable system within the family. An example of a software to do this is

Bertiniͤͣ,ͤ͢ ͥ. For the problem described in this thesis, we hope to approximation solutions
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to not one system, but to an entire family of systems. Therefore, we ϐind that these existing

methods will not sufϐice, and are forced to ϐind an alternative.
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The critical step in formulating the computational

theory... is the discovery of additional constraints

on the process that are imposed naturally and

that limit the result sufϔiciently to allow a unique

solution.

David Marr, Vision page ͟͢͞

3
Consequences for Shape from Shading

We have seen that there is an unavoidable mathematical ambiguity in shape from shading

for the per-point case when lighting is unknown. Not only is there not one unique solution to

the ill-posed inverse problem, there is an entire two-parameter family of solutions. The pro-

posed point processor Φ̂ transforms image values at a single point I into an intermediate rep-

resentation of the consistent local shape-set in the form of a two-dimensional manifold pa-

rameterized by surface orientation,
(
fx, fy, φ̂I(fx, fy)

)
. To demonstrate how this representation

of per-point shapes can be used for image analysis, we consider two simple, idealized scenar-

ios. In both cases, the per-point ambiguity is resolved (up to a discrete four-way choice) by
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exploiting additional information or assumptions.

In Chapter ͠ we took the shading at a single point and turned that into a surface in Rͭ of

possible solutions given that local shading measurement. What if we can see another point

near the ϐirst? Or what if we can see the same point, but with a different light source direc-

tion? In each case, we will be presented with an additional set of surface solutions. The next

task will be to ϐind the set of solutions that are compatible with bothmeasurements simulta-

neously, i.e. between both points, or between both light source directions. A crucial observa-

tion is as follows: the set compatible with both measurements is simply the intersection of

their respective solution surfaces. More concretely, we’ll be looking at the following scenar-

ios.

͟. Uncalibrated photometric stereo: given an unknown surface f∗ and two unknown di-
rectional light sources L, L′, each of which generates an image measurement I, I′ at
pixel ͨ ∈ U , our point processor yields two solution sets F, F′. We will study the set

X := F ∩ F′ ⊂ Rͭ.

͠. Coquadratic* stereo: given an unknown surface f∗, an unknown directional light source
L, and two pixel values q,q′ ∈ U , each of which generates an image measurement I, I′,
our point processor yields two solution sets F, F′. We will study the set

X := TF ∩ T′F′ ⊂ Rͭ,

where T,T′ are simple but necessary linear transformations.

What do these intersections look like? Can we represent them concisely? What are their

dimensions? One challenge is that with such messy generating polynomials as (͠.͡), many of

our most immediate questions cannot be answered analytically and generally, even by com-

puter algebra systems. Our goal in this chapter is to discover what we can prove about such
*We call two pixels coquadratic if they lie on a common quadratic surface patch.

ͣ͡



intersections, and which properties then hold for generic surface/lighting pairings (f∗, L).

We purposely introduced our solution set F as an afϐine algebraic variety, and we will use

that in this section. Any two measurements of the same scene should give rise to solution

sets that intersect at least at the true solution, because the true solution should always solve

the forward problem. Thus we expect f∗ ∈ X. But are there other solutions? When does the

addition of a second measurement I′ resolve the ambiguity of unknown light source up to

ϐinitely many points? This can be in general difϐicult to answer, but fortunately (extrapolating

from our theorem) we will see that the solution sets are zero loci of two polynomial systems

arising from the same family. Furthermore, we can study the intersection of these solution

sets using algebraic geometry.

The kinds of geometric questions we want to ask are

• Does X have any real solutions? If not, then a physical modelling assumption we made
earlier was probably violated: in the coquadratic case, this could mean that the two
pixels are not in the same perceptual grouping.

• What is the dimension of the real part of X? If it is zero, then X consists of ϐinitely many
points.

• If X is of dimension zero, howmany points does it consist of? Can we ϐind analytical
expressions for those points? Do they bear any relation to the orbit of f∗ under the
automorphism group ⟨ρͩ, ρͪ⟩ from the previous chapter?

Many of these questions are easy to answer when variables like I,q, f∗ are mostly ϐixed;

see Examples ͠ and ͡. However, it quickly becomes much more difϐicult to answer questions

in the fully general case; see Proposition ͟. More generalization requires letting more vari-

ables be symbolic, which requires operating over larger polynomial rings, with wilder gener-

ating polynomials. In this setting many algorithms hang up or fail to converge to a solution.

For an example of why generalizing makes things more difϐicult, see Section . In the following
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sections, we will push generalization as far as possible; future work might be able to leverage

faster computer algebra algorithms as well as problem-speciϐic symmetries to reach deeper

generalization than we do here, while using the same general algebraic approach.

͡.͟ PĔđĞēĔĒĎĆđ ĈĔĒĕđĊĝĎęĞ ĊĝĕđĔĉĊĘ ĜčĊē ęėĞĎēČ ęĔ ČĊēĊėĆđĎğĊ

The goal of this section is to rephrase a well-studied problem in an algebraic way, and to

show that for fully general results the solution expressions quickly become unwieldy – see

Appendix A.ͧ for more evidence of this. We will use a lower-dimensional toy example of pho-

tometric stereo when light is known for intuition; by this we mean that the surface set is tem-

porarily restricted to planar surfaces (i.e. given only by the surface orientation parameters

a, b). Given an image measurement and its corresponding light source direction at a single

point (the origin), the set of consistent surface planes is contained in the zero-locus of

ͨ := wͪ (aͪ + bͪ + ͩ
)
− ͩ

ͨ := w(aLͩ + bLͪ − Lͫ) + I

This is a system of two equations in three variables, so it deϐines a hypersurface. This is an-

other example of ambiguity in shape from shading; it differs from our case because the light-

ing direction here is assumed to be known. Suppose, however that we add just another piece

of information: the image intensity I′ corresponding to another known light source direction

L′. This adds

ͨ := w(aL′ͩ + bL′ͪ − L′ͫ) + I′
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to the set of constraints, thus making the system well-posed. Although we can now in prin-

ciple solve this system, we are not guaranteed a concise or easily-analyzed expression for

the solution. The two solutions (a, b) to the above example (illustrated in Figure ͡.͟ as the

orange points) are given by:

a 7→ (I′ͪLͩLͫ + LͪLͫL′ͩL
′
ͪ − LͩLͫL′ͪͪ + IͪL′ͩL

′
ͫ − LͪͪL

′
ͩL

′
ͫ + LͩLͪL′ͪL

′
ͫ − II′(LͫL′ͩ + LͩL′ͫ)

+ (−(I′Lͪ − IL′ͪ)
ͪ(I′ͪ(Lͪͩ + Lͪͪ + Lͪͫ)− LͪͪL

′ͪ
ͩ − LͪͫL

′ͪ
ͩ + ͪLͩLͪL′ͩL′ͪ − LͪͩL

′ͪ
ͪ − LͪͫL

′ͪ
ͪ

+ ͪLͫ(LͩL′ͩ + LͪL′ͪ)L
′
ͫ − (Lͪͩ + Lͪͪ)L

′ͪ
ͫ − ͪII′(LͩL′ͩ + LͪL′ͪ + LͫL′ͫ)

+ Iͪ(L′ͪͩ + L′ͪͪ + L′ͪͫ )))
ͩ/ͪ)/(I′ͪ(Lͪͩ + Lͪͪ)− (LͪL′ͩ − LͩL′ͪ)

ͪ − ͪII′(LͩL′ͩ + LͪL′ͪ) + Iͪ(L′ͪͩ + L′ͪͪ )),

b 7→ (I′ͫLͪͪLͫ − IͫL′ͪͪ L
′
ͫ + IL′ͪ(LͪL

′
ͩ − LͩL′ͪ)(LͫL

′
ͩ − LͩL′ͫ)− II′ͪLͪ(ͪLͫL′ͪ + LͪL′ͫ)

+ IL′ͩ(−(I′Lͪ − IL′ͪ)
ͪ(I′ͪ(Lͪͩ + Lͪͪ + Lͪͫ)− LͪͪL

′ͪ
ͩ − LͪͫL

′ͪ
ͩ + ͪLͩLͪL′ͩL′ͪ − LͪͩL

′ͪ
ͪ − LͪͫL

′ͪ
ͪ

+ ͪLͫ(LͩL′ͩ + LͪL′ͪ)L
′
ͫ − (Lͪͩ + Lͪͪ)L

′ͪ
ͫ − ͪII′(LͩL′ͩ + LͪL′ͪ + LͫL′ͫ) + Iͪ(L′ͪͩ + L′ͪͪ + L′ͪͫ )))

ͩ/ͪ

+ I′(−Lͪ(LͪL′ͩ − LͩL′ͪ)(LͫL
′
ͩ − LͩL′ͫ) + IͪL′ͪ(LͫL

′
ͪ + ͪLͪL′ͫ)− Lͩ((I′Lͪ − IL′ͪ)

ͪ(−I′ͪ(Lͪͩ + Lͪͪ + Lͪͫ)

+ LͪͪL
′ͪ
ͩ + LͪͫL

′ͪ
ͩ − ͪLͩLͪL′ͩL′ͪ + LͪͩL

′ͪ
ͪ + LͪͫL

′ͪ
ͪ − ͪLͫ(LͩL′ͩ + LͪL′ͪ)L

′
ͫ + (Lͪͩ + Lͪͪ)L

′ͪ
ͫ

+ ͪII′(LͩL′ͩ + LͪL′ͪ + LͫL′ͫ)− Iͪ(L′ͪͩ + L′ͪͪ + L′ͪͫ )))
ͩ/ͪ))/((I′Lͪ − IL′ͪ)(I

′ͪ(Lͪͩ + Lͪͪ)

− (LͪL′ͩ − LͩL′ͪ)
ͪ − ͪII′(LͩL′ͩ + LͪL′ͪ) + Iͪ(L′ͪͩ + L′ͪͪ ))),
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and

a 7→ (I′ͪLͩLͫ + LͪLͫL′ͩL
′
ͪ − LͩLͫL′ͪͪ + IͪL′ͩL

′
ͫ − LͪͪL

′
ͩL

′
ͫ + LͩLͪL′ͪL

′
ͫ − II′(LͫL′ͩ + LͩL′ͫ)

− (−(I′Lͪ − IL′ͪ)
ͪ(I′ͪ(Lͪͩ + Lͪͪ + Lͪͫ)− LͪͪL

′ͪ
ͩ − LͪͫL

′ͪ
ͩ + ͪLͩLͪL′ͩL′ͪ − LͪͩL

′ͪ
ͪ

− LͪͫL
′ͪ
ͪ + ͪLͫ(LͩL′ͩ + LͪL′ͪ)L

′
ͫ − (Lͪͩ + Lͪͪ)L

′ͪ
ͫ − ͪII′(LͩL′ͩ + LͪL′ͪ + LͫL′ͫ)

+ Iͪ(L′ͪͩ + L′ͪͪ + L′ͪͫ )))
ͩ/ͪ)/(I′ͪ(Lͪͩ + Lͪͪ)− (LͪL′ͩ − LͩL′ͪ)

ͪ − ͪII′(LͩL′ͩ + LͪL′ͪ) + Iͪ(L′ͪͩ + L′ͪͪ )),

b 7→ (I′ͫLͪͪLͫ − IͫL′ͪͪ L
′
ͫ + IL′ͪ(LͪL

′
ͩ − LͩL′ͪ)(LͫL

′
ͩ − LͩL′ͫ)− II′ͪLͪ(ͪLͫL′ͪ + LͪL′ͫ)

− IL′ͩ(−(I′Lͪ − IL′ͪ)
ͪ(I′ͪ(Lͪͩ + Lͪͪ + Lͪͫ)− LͪͪL

′ͪ
ͩ − LͪͫL

′ͪ
ͩ + ͪLͩLͪL′ͩL′ͪ − LͪͩL

′ͪ
ͪ − LͪͫL

′ͪ
ͪ

+ ͪLͫ(LͩL′ͩ + LͪL′ͪ)L
′
ͫ − (Lͪͩ + Lͪͪ)L

′ͪ
ͫ − ͪII′(LͩL′ͩ + LͪL′ͪ + LͫL′ͫ) + Iͪ(L′ͪͩ + L′ͪͪ + L′ͪͫ )))

ͩ/ͪ

+ I′(−Lͪ(LͪL′ͩ − LͩL′ͪ)(LͫL
′
ͩ − LͩL′ͫ) + IͪL′ͪ(LͫL

′
ͪ + ͪLͪL′ͫ) + Lͩ((I′Lͪ − IL′ͪ)

ͪ(−I′ͪ(Lͪͩ + Lͪͪ + Lͪͫ)

+ LͪͪL
′ͪ
ͩ + LͪͫL

′ͪ
ͩ − ͪLͩLͪL′ͩL′ͪ + LͪͩL

′ͪ
ͪ + LͪͫL

′ͪ
ͪ − ͪLͫ(LͩL′ͩ + LͪL′ͪ)L

′
ͫ + (Lͪͩ + Lͪͪ)L

′ͪ
ͫ

+ ͪII′(LͩL′ͩ + LͪL′ͪ + LͫL′ͫ)− Iͪ(L′ͪͩ + L′ͪͪ + L′ͪͫ )))
ͩ/ͪ))/((I′Lͪ − IL′ͪ)(I

′ͪ(Lͪͩ + Lͪͪ)

− (LͪL′ͩ − LͩL′ͪ)
ͪ − ͪII′(LͩL′ͩ + LͪL′ͪ) + Iͪ(L′ͪͩ + L′ͪͪ ))).

A cleaner factorization is possible but not obvious, especially in higher-dimensional set-

tings, i.e. where the surfaces might not be planar.

͡.͠ Aē ĆđČĊćėĔ-ČĊĔĒĊęėĎĈ ĘęėĆęĊČĞ ċĔė ĆēĆđĞğĎēČ ĎēęĊėĘĊĈęĎĔēĘ X

In each of the aforementioned scenarios, we study the intersection (a geometric object) us-

ing its set of generating polynomials (an algebraic object) as a proxy. In order to do this, we

require the following components.

Theorem ͠ (Ideal-Variety Correspondence). If k is an algebraically closed ϔield, then there is a
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L

L1

L′

F+(I) F+(I
′)

f∗ f∗

Figure 3.1: Classical calibrated photometric stereo: two simulated images of a quadratic surface f∗
under different lights L, L’, with measurements I, I′ at the same pixel location, give rise to solution
sets F+(I), F+(I′), the intersection of which represents the set of surfaces consistent with both light
directions. Figure adapted fromMarr’s Vision55.

bijection between radical ideals and afϔine varieties.

This means that we can study F and F′ individually by studying
√

⟨Cͩ, Cͪ, Cͫ⟩ and
√

⟨C′ͩ, C′ͪ, C′ͫ⟩.

Lemma ͟ (§͡, Theorem ͦ͢͟). If I and J are ideals in k[xͩ, . . . , xn], then V(I+ J) = V(I) ∩ V(J).

This means that we can study F ∩ F′ by studying
√√

⟨Cͩ, Cͪ, Cͫ⟩+
√

⟨C′ͩ, C′ͪ, C′ͫ⟩.

Lemma ͠ (§͡, Exercise ͥ.b.ͦ͟). If fͩ, . . . , fr ∈ k[xͩ, . . . , xn], where k is an arbitrary ϔield. Then

√
I+ J =

√√
I+
√

J.

This means that we can study F ∩ F′ by studying
√

⟨Cͩ, Cͪ, Cͫ⟩+ ⟨C′ͩ, C′ͪ, C′ͫ⟩.
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Lemma ͡ (§͡, Corollary ͦ͟͡). If fͩ, . . . , fr ∈ k[xͩ, . . . , xn], then

⟨fͩ⟩+ · · ·+ ⟨fr⟩ = ⟨fͩ, . . . , fr⟩.

This means that we can study F ∩ F′ by studying
√
⟨Cͩ, Cͪ, Cͫ, C′ͩ, C′ͪ, C′ͫ⟩.

Deϐinition ͣ (Radical decomposition of an ideal.). The radical decomposition of an ideal J is

deϔined as a sequence G of ideals, of length k, for which:

ͣ. The ideals of G are prime.

ͤ. The intersection of the ideals of G is
√
J.

ͥ. G is minimal: no ideal of G contains the intersection of the rest of the ideals of G.

In Magma, the decomposition G is sorted so that it is always unique.

We’ll let J := ⟨Cͩ, Cͪ, Cͫ, C′ͩ, C′ͪ, C′ͫ⟩, and decompose its radical, for which we have estab-

lished a bijection with X. Each element Gi of the radical decomposition will reveal a distinct

irreducible component of the variety. One important note is that the following Magma com-

putations require an algebraically closed ϐield, so our base ϐield will be C. All this means

is that we’ll ignore those revealed components that are strictly complex, for the context of

shape from shading.

Notation ͟. In the next section, we’ll be discussing each equation Ci of system (͠.͡) as polyno-

mials in surface f, conditioned on true surface f∗, true lighting L (both a priori unobservable by

the viewer), and pixel position q. That is, Ci(f; f∗, L,q). We will suppress q or L when their values

are obvious from context.
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Each image measurement I is by assumption derived from the local image (͠.ͣ) given by-

I(x, y; f∗, L) = −
(f∗x + f∗xxx+ f∗xyy)Lͩ + (f∗y + f∗xyx+ f∗yyy)Lͪ − Lͫ√

(f∗x + f∗xxx+ f∗xyy)ͪ + (f∗y + f∗xyx+ f∗yyy)ͪ + ͩ
. (͡.͟)

In the following section, our ultimate goal is that each statement should hold for every con-

ceivable I ∈ I , that is, for all f∗ and L pairs. Furthermore, in Section ͡.͢ we want that state-

ment to hold at every pixel. Therefore, in this sense, for the remainder of this chapter Iwill

be considered as a function of f∗, L, and q, and therefore each equation in the system (͠.͡)

will too. It should be noted that Iwill not naturally be a polynomial, or even a rational func-

tion. Fortunately, we can perform some convenient manipulation to the I vector to convert it

to a polynomial (see the transformations given in Section ͢.͠).

͡.͡ UēĈĆđĎćėĆęĊĉ ĕčĔęĔĒĊęėĎĈ ĘęĊėĊĔ ċėĔĒ ęĜĔ ĕĎĝĊđĘ

Our ϐlavor of uncalibrated photometric stereo tackles the local shape from shading problem

given two intensity measurements I, I′ ∈ Rͮ, generated by two unknown light source di-

rections L, L′. We will examine the possible solutions to Equations (͠.͡), given various (un-

known to the viewer) surface/lighting pairs. In an effort to generalize as much as is currently

computationally possible, we let variables Lͫ, L′ͫ be free in the following illustrative example.

Example ͠. Consider two local image measurements given by f∗ = (−ͩ, ͪ,−ͬ, ͫ, ͫ) at the

origin pixel: one with light L = (ͩ,−ͩ, Lͫ) and the other with light L′ = (ͭ/ͮ, ͫ/ͬ, L′ͫ). Then for

generic Lͫ, L′ͫ, precisely four real surfaces are consistent with both image measurements, and

they are the orbit of f∗ under the group ⟨ρͩ, ρͪ⟩.
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Proof. The arguments in Section ͡.͠ suggest that we study the ideal

J := ⟨Cͩ(f; f∗, L), Cͪ(f; f∗, L), Cͫ(f; f∗, L), Cͩ(f; f∗, L′), Cͪ(f; f∗, L′), Cͫ(f; f∗, L′)⟩,

where L and L′ are substituted into Equations (͠.͡) where appropriate. The radical decompo-

sition of J is

Gͩ := ⟨e− ͫ, d− ͫ, c+ ͬ, b− ͪ, a+ ͩ⟩ → {f∗},

Gͪ := ⟨e+ ͫ, d+ ͫ, c− ͬ, b+ ͪ, a− ͩ⟩ → {ρͩf∗},

Gͫ := ⟨d+ e/ͩͫ, c− ͬͮe/ͫͱ, b− Ͱe/ͫͱ, a− ͩͱe/ͫͱ, eͪ − ͩͭͪͩ/Ͱͭ⟩ → {ρͪf∗} ∪ {ρͪ ◦ ρͩf∗},

Gͬ := ⟨Lͫ − ͪ/ͫ, L′ͫ + ͫ, ac− ͩͨad/ͫ+ bd− ͩͨbe/ͫ,

aͪ + bͪ − ͪad− ͪbe+ ͩ⟩ → generically strictly complex,

Gͭ := ⟨Lͫ − ͪ/ͫ, L′ͫ + ͫ, aͪ + bͪ + ͩ⟩ → strictly complex,

Gͮ := ⟨dͪ − ce, ad+ be, ac+ bd, aͪ + bͪ + ͩ⟩ → strictly complex.

The Gi represent all of the complex roots of system in J. The ϐirst two components are com-

posed of single real points, the third is composed of two real points, and the following three

components are generically strictly complex. By this we mean that Gͬ is strictly complex

whenever all of the following are satisϐied: Lͫ = ͪ/ͫ, L′ͫ = −ͫ, ͫ(ac + bd) = ͩͨ(ad + be),

and aͪ + bͪ + ͩ = ͪ(ad+ be). This holds for generic Lͫ, L′ͫ.

A more general result is desired, but the complexity of the expression for J prohibits that

for the time being.
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Figure 3.2: Two simulated images of a surface under different lights, with measurements Iͩ, Iͪ at the
same pixel location.

͡.͢ CĔĖĚĆĉėĆęĎĈ ĘęĊėĊĔ ċėĔĒ ęĜĔ ĕĎĝĊđĘ

In this section we assume that our true surface patch is a quadratic, so it is entirely deter-

mined by some single f∗. Therefore the measurement I(q) is a function of f∗ and L implicitly,

and q explicitly. While the relationships (͠.͡) hold at every such q ∈ U , in the previous chap-

ter we mostly discussed measurements near q = ͨ. In order to compare measurements from

multiple pixels, we need to broaden this framework to explicitly handle arbitrary q. The fol-

lowing observation holds for quadratic local surfaces f. Quadratic surface vectors evaluated

away from the origin are related linearly to those at the origin, by the transformation

f(q) =



ͩ ͨ x y ͨ

ͨ ͩ ͨ x y

ͨ ͨ ͩ ͨ ͨ

ͨ ͨ ͨ ͩ ͨ

ͨ ͨ ͨ ͨ ͩ


fͨ for q = (x, y) ∈ U .

Wewill refer to this matrix as Tq, with Tͨ the ͭ × ͭ identity matrix. For brevity deϐine fͨ =

f(ͨ, ͨ). Then by deϐinition f(q) = Tqfͨ. This change of basis ensures that we are comparing
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“apples to apples” with respect to our indeterminates f corresponding to the distinct pixels.

Example ͡. Consider two local image measurements given by f∗ = (−ͩ,−ͩ, ͫ, ͩ,−ͪ) and

L = (ͩ,−ͩ, ͩͭ): one at pixel center q = (ͨ, ͨ), and the other at q′ = (ͩ, ͪ). Then precisely four

real surfaces are consistent with both image measurements, and they are the orbit of f∗ under

the group ⟨ρͩ, ρͪ⟩.

Proof. Deϐine the ideal

J :=
⟨
Cͩ(f; f∗, ͨ), Cͪ(f; f∗, ͨ), Cͫ(f; f∗, ͨ), Cͩ(Tq′f; f∗,q′), Cͪ(Tq′f; f∗,q′), Cͫ(Tq′f; f∗,q′)

⟩
.

The radical decomposition of J is

Gͩ := ⟨a+ ͩ, b+ ͩ, c− ͫ, d− ͩ, e+ ͪ⟩ → {f∗}

Gͪ := ⟨a− ͩ, b− ͩ, c+ ͫ, d+ ͩ, e− ͪ⟩ → {ρͩf∗}

Gͫ := ⟨eͪ − ͩͬͬ/ͪͱ, a+ ͯe/ͩͪ, b− e/ͬ,

c− ͩͯe/ͩͪ, d− e/ͩͪ⟩ → {ρͪf∗} ∪ {ρͪ ◦ ρͩf∗}

Gͬ := ⟨aͪ + bͪ + ͩ, c, d, e⟩ → strictly complex

Gͭ := ⟨bͪ + ͫbe+ ͱeͪ/ͬ+ ͩ/ͭ, a− ͪb− ͩͭe/ͬ,

c− e/ͬ, d+ e/ͪ⟩ → strictly complex

where Gͬ and Gͭ generate components that lie strictly in Cͭ\Rͭ, so we can disregard them.

This decomposition tells us that in this case, not only do the points {f∗, ρͩf∗, ρͪf∗, ρͪ ◦ ρͩf∗}

all satisfy the three principal equations (͠.͡) (a fact we could have deduced simply by plug-
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ging in those values to those equations), but they are the only real solutions to it, and there-

fore the real components of the solution set are all zero-dimensional. We could have used Be-

zout’s bound to get an upper bound on the number of real solutions, but it would have been

quite loose as it would not have differentiated real solutions from complex solutions; all we

could ascertain from it would be that there are at most eight real solutions.

We should remember that these intersections we’re trying to compute aren’t just arbitrary

͠-manifolds; they are members of a ͠-parameter family of varieties, parametrized by (x, y).

They are pairs of ϐibers of a variety bundle, like shown in Figure ͡.͡.

Example ͢. A simpler example of such a family isG := {g(fx, fy; I) = fyI − fͪx : I ∈ R},

where we use the same variable names to show the ideological connection, but without any

physical relevance. For any I ̸= I′, the corresponding plane curves intersect only tangentially.

The only pairwise intersection of their varieties in Rͪ satisϔies fyI − fͪx = ͨ, fyI′ − fͪx = ͨ,

so is (fx, fy) = (ͨ, ͨ). At this point, the Jacobian matrix
(

−ͪfx I
−ͪfx I′

)
for the system is singular.

This calculation was trivial because g happens to be a low-degree polynomial of few variables.

However, even checking the singularity of the Jacobian of system (͠.͡) is very difϔicult, and even

more so when non-origin pixels are considered.

Through repeated experiments we have found that the same phenomena seen in Exam-

ples ͠ and ͡ occurs for many choices of f∗, L,q,q′, including when q is nonzero. We have

been unable to compute the primary decomposition in the most general form, wherein all

four of these variable vectors are symbolic. Therefore, we investigate other methods of ob-

taining a similar but slightly weaker statement for general f∗, L,qi.

When fully expanded (and using the trick to “polynomialize” I from Section ͡.͢), each poly-
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nomial Ci(f; L) ∈ R[f] of system (͠.͡) can be decomposed as

Ci(f; L) = LͩC
(ͩ)
i (f) + LͪC

(ͪ)
i (f) + LͫC

(ͫ)
i (f)

for some C(j)i ∈ R[f].

We conjecture that the linearity of Ci in L affords us generalization for free.

Conjecture ͟. Fix any t = (tͩ, tͪ, tͫ) ∈ Rͫ. Deϔine the parametrized ideal

J(t) :=
∑ͫ
i=ͩ

⟨
tͩC

(ͩ)
i + tͪC

(ͪ)
i + tͫC

(ͫ)
i

⟩
.

in R[x]. Let K :=
⟨
C(j)i
⟩j=ͩ,ͪ,ͫ

i=ͩ,ͪ,ͫ
. Then

√
J(t) =

√
K, i.e.

√
J(t) =

√
J(t′) ∀t ̸= t′.

This remark would imply that the result given in Example ͡ holds not only for L = (ͩ,−ͩ, ͩͭ)

as stated, but also for arbitrary L.

͡.͢.͟ GĊēĊėĆđĎğĎēČ ęĔ ĆėćĎęėĆėĞ ĔėĆĈđĊ-ĘĚėċĆĈĊĘ Ćēĉ ĕĎĝĊđ ĕĔĘĎęĎĔēĘ

Doing so introduces the tradeoff of (͟) greater generality, at the cost of (͠) greatly increasing

the degree of the Ci and the number of variables. For this reason we are unable to compute

a similar decomposition to Example ͡ for arbitrary f∗, L,q. Instead, we relax our statement

and prove the following: The set of solutions that are compatible with arbitrarily many co-

quadratic pixels is precisely {f∗, ρͩf∗, ρͪf∗, ρͪ ◦ ρͩf∗}.

If the surface f∗ is truly an extended quadratic, then the point f∗ and its orbit should be

common to every pair of pixels qi,qj. That is, we should have the orbit as a subset of Fi∩Fj for

every i, j, or equivalently the orbit gives rise to four ͠-dimensional q-axis aligned subspaces
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Figure 3.3: A view of F. Expanding I into functions of f∗, L, we can consider our generating system
(͠.͡) as polynomials Ci in the ring F[q, f, f∗, L]where Fmight be C,Q, or R, and its corresponding
variety an object F ⊂ Rͪ+ͭ+ͭ+ͫ.

Figure 3.4: The idea behind ϐinding 2-dimensional, q-axis aligned, subspaces in the larger variety. If
the surface f is truly an extended quadratic, then the point f∗ and its orbit should be common to every
pair of pixels qi,qj. That is, we should have the orbit as a subset of Fi ∩ Fj for every i, j, or equivalently
the orbit gives rise to four 2-dimensional axis-aligned subspaces in the ϐigure above. This inspires the
question: are there any others?
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in F.

We ϐind the common intersection, for a particular L, by the following procedure. We rewrite

Eqns (͠.͡) evaluated at this L as bivariate polynomials with variables (x, y). Evaluate each

polynomial at (ͨ, ͨ) and concatenate with the polynomial at (x, y). The sets of coefϐicients of

these six polynomials generate an ideal J∞. These coefϐicients represent the set of conditions

on f, f∗ such that Eqns (͠.͡) is zero-valued for all q in the extended patch.

This is in a similar spirit to identifying the base curve of a pencil of degenerate conics (͠.͡).

If each variety in our family were related linearly by q, then in fact we could use the general

algorithmic solution of Farouki et al.͢͠ . However, in the language of that work, the compli-

cated relationship between the members of our family would make computation of the Segre

characteristic very difϐicult.

Proposition ͟. Consider the image measurements given by L = {ͩ,−ͩ, ͩͭ} and arbitrary

f∗ = (a∗, b∗, c∗, d∗, e∗) ∈ Cͭ at as many pixels as desired. Then precisely four real surfaces are

consistent with all of those image measurements, and they are the orbit of f∗ under the group

⟨ρͩ, ρͪ⟩. That is,

F∞ ∩ Rͭ = {f∗, ρͩf∗, ρͩf∗, ρͪ ◦ ρͩf∗, ρͪf∗}
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Proof. The primary decomposition† of the radical√J is

Gͩ := ⟨e− e∗, d− d∗, c− c∗, b− b∗, a− a∗⟩ → {f∗}

Gͪ := ⟨e+ e∗, d+ d∗, c+ c∗, b+ b∗, a+ a∗⟩ → {ρͩf∗}

Gͫ := ⟨ec∗ − ͪdd∗ + ce∗, dc∗ − cd∗ + ed∗ − de∗,

cb∗ + eb∗ + bc∗ − ͪad∗ − be∗, ea∗ − db∗ − bd∗ + ae∗,

da∗ + eb∗ − ad∗ − be∗, ca∗ + db∗ − ac∗ − bd∗,

ce+ eͪ − ͪd∗ͪ + c∗e∗ − e∗ͪ, dͪ + eͪ − d∗ͪ − e∗ͪ,

cd+ de− c∗d∗ − d∗e∗, bd− ae+ b∗d∗ − a∗e∗,

ad+ be− a∗d∗ − b∗e∗, cͪ − eͪ − c∗ͪ + e∗ͪ,

bc+ be+ b∗c∗ − ͪa∗d∗ − b∗e∗,

ac+ ae− a∗c∗ − ͪb∗d∗ + a∗e∗, aͪ + bͪ − a∗ͪ − b∗ͪ⟩ → {ρͪf∗} ∪ {ρͪ ◦ ρͩf∗}

Gͬ := ⟨c∗ + e∗, c+ e, ea∗ + db∗ − bd∗ − ae∗,

da∗ − eb∗ − ad∗ + be∗, dͪ + eͪ − d∗ͪ − e∗ͪ,

bd− ae− b∗d∗ + a∗e∗, ad+ be− a∗d∗ − b∗e∗,

aͪ + bͪ − a∗ͪ − b∗ͪ⟩ → strictly complex

Gͭ := ⟨e∗, d∗, c∗, c+ e, dͪ + eͪ, bd− ae, ad+ be, aͪ + bͪ⟩ → strictly complex

Gͮ := ⟨c∗ + e∗, e, d, c, d∗ͪ + e∗ͪ, b∗d∗ − a∗e∗,

a∗d∗ + b∗e∗, a∗ͪ + b∗ͪ⟩ → strictly complex

Gͯ := ⟨e∗, d∗, c∗, e, d, c⟩ → strictly complex

where the last four ideals generate components that lie strictly in Cͭ\Rͭ, so we can disregard

them.
†FanoKH_update.txt
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However, the variety F∞ := V(J∞) isn’t quite what we want; it’s a subset of our target

F(qͩ)∩ F(qͪ). At this point it is still possible that in Figure ͡.͢ some pair Xi, Xj could still inter-

sect nontrivially. For a two-shot result, we still need to prove that

Fjunk := (F(qͩ) ∩ F(qͪ))\F∞

is strictly complex. We saw anecdotal evidence for this in the previous section – in that case,

the primary decomposition showed that Fjunk was empty in R. Exploring this in full general-

ity would be an interesting avenue for future work.

Remark ͢. One may be tempted to simply minimize an objective like

φ(I,qͩ,qͪ) := min
f∈Rͭ

∑ͪ
j=ͩ

∑ͫ
i=ͩ

αi,jCi(Tqj(f), I(qj))
ͪ (͡.͠)

for ϔixed weights αi,j > ͨ. Unfortunately, this fails spectacularly if the surface patch is not

quadratic or when error is present in the image measurements.

Minimizing a functional like (͡.͠) is that the absolute magnitude of a generating polynomial

is meaningless in the presence of noise. In an algebro-geometric sense, the only thing that mat-

ters is whether or not a given polynomial p evaluates to zero on a particular point. Any nonzero

value (which is encountered for example when the measurements are noisy) can only indicate

that the point does not belong to the variety: not how far away the point is from the variety

with respect to whatever ambient space it may be embedded in.

Remark ͣ. Although not covered in this dissertation, it is conceivable that our two second-

order image measurements will provide sufϔicient information to reconstruct the local intensity
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Figure 3.5: Level sets φ((f∗x , f∗y , fxx, fxy, fyy), I,qͩ,qͪ) = κ for κ = ͩͨ, ͩ, ͨ.ͩ, ͨ.ͨͩ, left to right, weighted
equally. Point plotted is the ground truth curvature corresponding to f∗x , f

∗
y . Figure axes are fxx, fxy, fyy.

function, in which case one could perhaps derive uniqueness results from Xiong et alͩͣ.
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Figure 3.6: For ϐixed f∗ (f(x, y) shown in upper left), ϐive pixels qi, and associated measurements Ii
(upper right), the bottom row shows various levels intersections of Gröbner bases Vi (supersets of
π(F(Ii)). Pairwise intersections of the shape sets each include the ground truth f∗ and its orbit under
the automorphism group (denoted by the black points). Notice that the only intersection for all ϔive
pixels is the same four points. This set∩ͩ≤i<j≤ͭ(Vi ∩ Vj) gives some intuition toward Proposition 1.
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4
A Neural Approximator for Φ

Chapter ͠ established an implicit representation (͠.͡) of the local shape set. To use this in

practice would involve solving an optimization problem for every image measurement as it

is observed. In practice, a faster feedforward shape retrieval method is preferred, meaning

one that does not need to perform this optimization with every newmeasurement. Unfortu-

nately, as is many times the case in algebraic geometry, having access to an implicit represen-

tation of the variety does not imply that an explicit representation will be easy to ϐind: there

is no general-purpose algebraic “explicitization” procedure. This appears to be the case for

the system investigated by this dissertation.
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This chapter proposes a neural point processor that is “plug and play” in the sense that

given an input I ∈ I , the processor returns a piecewise-linear approximation of F(I), without

requiring any optimizations to be performed online. We use a class of piecewise-linear func-

tions derived from neural networks to approximate the function Φ(I) = {(fx, fy,φI(fx, fy))}

suggested in Equation (͠.͟͟).

The function Φ has some properties that facilitate this approximation. Section ͢.͠ will ex-

plore some transforms under which the property of consistency is invariant. These are ways

in which any consistent pair of measurement and shape I, f can be simultaneously trans-

formed without affecting consistency, which allows for a lossless compression of the input

space I from six dimensions to only two. More concretely, we can derive a group of linear

transforms T for which f ∈ F+(I) if and only if T*f ∈ F+(TI). These transforms can then be

used to “normalize” the vector I, effectively reducing it to two dimensions.

͢.͟ LĊĆėēĎēČ ĒĆēĎċĔđĉĘ

Nonlinear manifold learning is a broad topic underpinned by the assumption that a given

high-dimensional dataset lies on on or near to a low-dimensional manifold†. A common goal

is dimension reduction: to represent such a dataset by learning a projection to an associated

lower-dimensional domain. This work aims to do the inverse: to learn a graph φ. Manifold

learning been approached from classical͢͟,͟͟,͟͠ and neuralͣ͟ directions.

Most relevant to our work is learning ͠-surfaces embedded in Rͫ. (͟) AtlasNet͟͡ uses

deep learning to approximate the atlas of charts that deϐine a parametrized surface. This
*This is actually a principal submatrix of T.
†Although we are, strictly speaking, working with a variety and not a manifold, we strongly suspect

that this variety is reasonably nonsingular and therefore behaves like a manifold.
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work bears some similarity to our point processor in that each neural network is used to gen-

erate a continuous image of a plane, i.e. an explicit representation of a chart. In the language

of that work, our Imight be the shape feature. One difference is in our problem setup: the

point processor introduced in our work learns a family of sets {F+(I) : I ∈ I} of much sim-

pler topology, where each atlas only has one chart. A technical difference is in the network

architecture, where we decompose our neural system into two components. (͠) Occupancy

networksͣͤ approximate a surface by training a neural network on a classiϐication task; the

decision boundary of the classiϐier then approximates an implicit representation of the physi-

cal surface. Other work in deep implicit functionsͧ͠ decomposes three-dimensional physical

space into a collection of learned implicit functions. These implicit methods are not directly

relevant to the problem in this thesis, as the analytical form of the implicit function is already

given by (͠.͡). A crucial spiritual distinction between these last two works and ours is that

rather than representing the height map of the surface itself as a physical manifold, we imag-

ine each candidate height map as being locally parametrizable by its ϐirst and second deriva-

tives, and those parameters being a point on some abstract manifold. Thus, the mapping be-

tween Euclidean spaces our network learns does not correspond to the height map of a chair,

say, but rather to a moduli space where every point represents a shape.

Since the structure of our target function is a graph, this problem becomes one of function

approximation. To this end our choices are classical (wavelets, splines, free-knot splines, etc.)

and deep. Neural networks have succeeded practically and theoretically in approximating

functions of various kinds: ReLU networks’ ability to express rational functionsͤͥ, univariate

functions on a bounded intervalͣ͢, smooth functions in Sobolev spacesͥ͠, and low-degree

polynomials͠, to name a few. Probably the most famous result of this kind, the Universal Ap-
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proximation Theoremͧ͟ states that sigmoidal functions are dense in the class of continuous

functions over the unit hypercube. This implies that any continuous function over the unit

hypercube can be well-approximated by some single-layer neural network. The caveat is that

the width of that layer may be arbitrarily large. These works inspire conϐidence that neural

approximation is a promising route.

Each graph is represented by our point processor by a neural network of some height and

width. We currently rely on intuition and experimentation to select network architecture,

which lead us to the design choices in Section ͢.͠.͢. Finding an “optimal” architecture͡͞,ͥͤ for

these networks, or rigorously analyzing approximation error like the aforementioned works’

bounds, is beyond the scope of this thesis.

͢.͠ NĔėĒĆđĎğĎēČ ĎĒĆČĊ ĒĊĆĘĚėĊĒĊēę ĘĕĆĈĊ

Ideally our perception machine will be invariant to rotations and translations of the image

domain – like what is known as the class of nuisance transformations in computer vision.

That is, for a certain family of functions T from I to itself, it should estimate the set F+(I) as

accurately as it does F+(T I). In this respect, perception needs to be stable, regardless of the

viewer’s position relative to the image.

Florack et al.ͤ͠ remarked that in order to introduce meaningful coordinates to the image

domain U , one must consider not only the coordinates, but also groups of coordinate trans-

formations over which perception is to be stable. Only then can one identify those image

descriptors that are invariant under this transformation group. In a similar spirit, in this sec-

tion we will discuss symmetry transformations on maps U 7→ I .
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Figure 4.1: A schematic of induced transformations and their notation.

We exploit some symmetries of the shape set, that are due to propagation of transforma-

tions on the image domain U , through to transformations on the set of realizable ͠-jets I .

In this section we describe several linear transformations TU of the image plane, and linear

transformations TI , TF(I) that they induce. The action of one transformation can propagate

to actions on different domains like image measurement space I and shape space Rͭ. For

example, rotating the camera, surface, and light source around the viewing direction with-

out changing any other parameters induces a rotation of the image, which in turn induces an

action on the solution space F .

Three main types of transformations allow us to construct a bijection between the image

measurement space I ⊂ Rͮ and a “compressed” image measurement space Ĩ ⊂ Rͪ. We can

think of this bijection as a sort of normalization. In Section ͢.͠.͟ we describe such a normal-

ization, and the bijection it induces on shape space. The following relationships are derived

from the generating polynomials in the main theorem. Notice that the lighting vector L plays

no role in the following discussion – this is a feature.

Case ͟: TI is a constant scaling of the image that leaves the contrast unchanged: TI = c · id
for c ∈ R+. Rescaling the image range does nothing to the shape set F(I); in this case
TF(I) = id.
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Case ͠: TU is a rotation about the origin in the image domain. If TU ∈ SO(ͪ),

TU :=

[
Gͩͩ Gͩͪ
Gͪͩ Gͪͪ

]
, T̃U :=

 Gͪͩͩ ͪGͩͩGͪͩ Gͪͪͩ
GͩͩGͩͪ GͩͩGͪͪ + GͩͪGͪͩ GͪͩGͪͪ
Gͪͩͪ ͪGͩͪGͪͪ Gͪͪͪ

 ,

then

TI =

ͩ ͨ ͨ
ͨ TU ͨ
ͨ ͨ T̃ −ͩ

U

 TF(I) =

[
TU ͨ
ͨ T̃ −ͩ

U

]
.

Deriving this is very straightforward; it relies on the linearity of the nth derivative.

Case ͡: TU is isotropic rescaling of the image plane, i.e. TU = c · id for c ∈ R. Then

TI = diag(ͩ, c, c, cͪ, cͪ, cͪ), TF(I) = diag(ͩ, ͩ, c, c, c).

Substitution into (͠.͡) will conϐirm this.

Case ͢: TU is a “transfer” in the image plane between coquadratic pixels, i.e. TU : (x, y) 7→
(x+ dx, y+ dy) for dx, dy ∈ Rwithin an extended quadratic surface. The study of trans-
lations is motivated by the desire to amalgamate shading information about multiple
coquadratic points on the same surface patch. The idea is that information at those
two pixels is not entirely redundant. If TU : (ͨ, ͨ) 7→ (px, py), then

TF(I) :=


ͩ ͨ px py ͨ
ͨ ͩ ͨ px py
ͨ ͨ ͩ ͨ ͨ
ͨ ͨ ͨ ͩ ͨ
ͨ ͨ ͨ ͨ ͩ

 .

Case ͢ is of a slightly different spirit than the others, and will be revisited in Section ͢.͡.͠.

For Cases ͟-͡, one can verify that f ∈ F(I) if and only if RIf ∈ F (TII) ,with RI the principal

submatrix of TI obtained by removing its ϐirst row and column.
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͢.͠.͟ NĔėĒĆđĎğĎēČ ęĔ Ĩ

In this section we choose strategic transformations that allow us to normalize (I, Ix, Iy, Ixx, Ixy, Iyy).

First, send I 7→ ͩ through a constant rescaling. Second, send Iy 7→ ͨ through a rotation

(see Lemma ͢). Third, send Ix 7→ ͩ through an isotropic rescaling. Together this yields(
ͩ, ͨ, ͩ, Ĩxx, Ĩxy, Ĩyy

)
. We call the image of I under the composition of these three maps the

space Ĩ.

Lemma ͢. The rotation-induced transformation TI that maps Iy 7→ ͨ, always maps Iyy to a

nonpositive value.

Proof. Under this transformation, TU is a rotation deϐined by

Gͩͩ =
Ix√
Ixͪ + Iyͪ

, Gͩͪ =
Iy√
Ixͪ + Iyͪ

, Gͪͩ =
−Iy√
Ixͪ + Iyͪ

, Gͪͪ =
Ix√
Ixͪ + Iyͪ

,

so

TI : I =



I

Ix

Iy

Ixx

Ixy

Iyy



7→ Ĩ =



I

+
√

Ixͪ + Iyͪ

ͨ
IͪxIxx+ͪIxIxyIy+IͪyIyy

Ixͪ+Iyͪ

IͪxIxy+IxIy(Iyy−Ixx)−IxyIͪy
Ixͪ+Iyͪ

IͪxIyy−ͪIxIxyIy+IxxIͪy
Ixͪ+Iyͪ



=:



Ĩ

Ĩx

Ĩy

Ĩxx

Ĩxy

Ĩyy


Over R, Ĩyy is the same sign as its numeratorW := IͪxIyy − ͪIxIxyIy + IxxIͪy, so we’ll study

sgn(W) as a proxy. Recall that the point processor considers the point (x, y) = (ͨ, ͨ). By

the quadratic patch assumption the true surface f∗(x, y) = ax + by + ͩ
ͪ
(
cͪx+ ͪdxy+ eyͪ

)
,
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so at this point we have f∗ = (a, b, c, d, e)T. Recall also that I(ͨ, ͨ) = ρL · N∗(x, y)/||N∗(x, y)||,

where N∗ = (−(∂f/∂x),−(∂f/∂y), ͩ)T = (−a,−b, ͩ)T and WLOG ρ = ͩ. Writing I(ͨ, ͨ) as a

function of (f∗, L∗), we have

W = IͪxIyy − ͪIxIxyIy + IxxIͪy =
(dͪ − ce)ͪ

|(ͩ+ aͪ + bͪ)ͱ/ͪ(Lͪͩ + Lͪͪ + Lͪͫ)
ͫ/ͪ|︸ ︷︷ ︸

strictly positive

(aLͩ + bLͪ − Lͫ)︸ ︷︷ ︸
strictly negative by assumption

V,

V : = Lͪͩ + bͪLͪͩ − ͪabLͩLͪ + Lͪͪ + aͪLͪͪ + ͪaLͩLͫ + ͪbLͪLͫ + aͪLͪͫ + bͪLͪͫ

= (bLͩ − aLͪ)ͪ + (Lͩ + aLͫ)ͪ + (Lͪ + bLͫ)ͪ.

Since V can be written as the sum of squares, the entirety ofW is nonpositive; therefore, Ĩyy is

always nonpositive. Furthermore, V can only be zero-valued when (a, b) = (−Lͩ/Lͫ,−Lͪ/Lͫ),

which generically will not occur.
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All in all, these normalization transformations take the form

T ∗
I =



ͩ
I ͨ ͨ ͨ ͨ ͨ

ͨ Ix
Ixͪ+Iyͪ

Iy
Ixͪ+Iyͪ

ͨ ͨ ͨ

ͨ − Iy
Ixͪ+Iyͪ

Ix
Ixͪ+Iyͪ

ͨ ͨ ͨ

ͨ ͨ ͨ IIͪx
(Ixͪ+Iyͪ)

ͪ
ͪIIxIy

(Ixͪ+Iyͪ)
ͪ

IIͪy

(Ixͪ+Iyͪ)
ͪ

ͨ ͨ ͨ − IIxIy

(Ixͪ+Iyͪ)
ͪ

I(Iͪx−Iͪy)

(Ixͪ+Iyͪ)
ͪ

IIxIy

(Ixͪ+Iyͪ)
ͪ

ͨ ͨ ͨ IIͪy

(Ixͪ+Iyͪ)
ͪ − ͪIIxIy

(Ixͪ+Iyͪ)
ͪ

IIͪx
(Ixͪ+Iyͪ)

ͪ



(͢.͟)

T ∗
F(I) =



Ix√
Ixͪ+Iyͪ

Iy√
Ixͪ+Iyͪ

ͨ ͨ ͨ

− Iy√
Ixͪ+Iyͪ

Ix√
Ixͪ+Iyͪ

ͨ ͨ ͨ

ͨ ͨ IIͪx
(Ixͪ+Iyͪ)

ͫ/ͪ
ͪIIxIy

(Ixͪ+Iyͪ)
ͫ/ͪ

IIͪy

(Ixͪ+Iyͪ)
ͫ/ͪ

ͨ ͨ − IIxIy

(Ixͪ+Iyͪ)
ͫ/ͪ

I(Iͪx−Iͪy)

(Ixͪ+Iyͪ)
ͫ/ͪ

IIxIy

(Ixͪ+Iyͪ)
ͫ/ͪ

ͨ ͨ IIͪy

(Ixͪ+Iyͪ)
ͫ/ͪ − ͪIIxIy

(Ixͪ+Iyͪ)
ͫ/ͪ

IIͪx
(Ixͪ+Iyͪ)

ͫ/ͪ


. (͢.͠)

We see that

T ∗
I : I 7→

(
ͩ, ͩ, ͨ,

I(IͪxIxx + ͪIxIyIxy + IͪyIyy)

(Ixͪ + Iyͪ)ͪ
,
I((Iͪx − Iͪy)Ixy + IxIy(−Ixx + Iyy))

(Ixͪ + Iyͪ)ͪ
,
I(IͪxIyy − ͪIxIyIxy + IͪyIxx)

(Ixͪ + Iyͪ)ͪ

)
(͢.͡)

By using these transformations to pre-process each of our point processor’s inputs I, and to

correspondingly post-process each output shape f, we reduce the effective image measure-

ment space from I ⊂ Rͮ to the normalized space Ĩ ⊂ Rͪ × R+ ⊂ Rͫ.Wemay thus refer to

Ĩ ∈ Ĩ as a ͡-vector.
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Figure 4.2: The structure of our two-stage network approximator φ̂I for the map from vectors I to
functions φI. The right shows orientation domain and output samples for the same I as in Figure 2.5.
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͢.͠.͠ AĕĕėĔĝĎĒĆęĎēČ F+

In this section we consider the task of approximating the mapping from vectors I ∈ Ĩ to

functions φI, where we assume the two-dimensional I discussed in the previous section. Let

S be the class of multilayer perceptrons (MLP) with ReLU activations, of any size so long as

the input layer is size ͠ and the output layer is size ͡. Let ψ ∈ RM denote a concatenation

of the weights and biases of the chosen architecture, withM the total number of parameters.

Then every MLP hψ ∈ S is a piecewise-linear map and with a good choice of ψwill well-

approximate φI. Then our problem becomes: given I ∈ Ĩ , ϐind the ψ ∈ RM that best approx-

imates the function φI. Of course, this means that ψ depends on I. It remains to learn a map

between I and ψI.

͢.͠.͡ OĚė ĕėĔĕĔĘĊĉ ēĊĚėĆđ ēĊęĜĔėĐ

One convenient way to learn the map I 7→ φI is to couple a pair of neural networks, with the

output of one network providing the weights of the other (see Figure ͢.͠). That is, we can use

φ̂I(fx, fy) := hgθ(I)
(
fx, fy

)
, (͢.͢)

where gθ : Rͫ 7→ RM is a (fully-connected, few-layer) neural network with tunable weights

θ ∈ RN and hψ : Rͪ 7→ Rͫ is a (fully-connected, single-layer) neural network whose weights

ψ ∈ RM are provided by the output of g. This means that under the hood, ψ (and therefore

φ̂I) is a function of θ.

This is convenient because it provides a compact representation that can be efϐiciently

ϐit to a large set of training samples. We can ϐit the weights θ by synthetically generating
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Figure 4.3: Samples of one of the F+(I) sets, I ∈ Ĩ , on which the networks train. The left side is uni-
formly sampled from U, and the right side is obtained by solving the now-square system (͠.͡) numeri-
cally.

many measurements I and for each one computing many samples f from the corresponding

semi-algebraic set F+(I) using Theorem ͟ and Observation ͟. This produces a set of samples

{(I(j), f(i,j))}i,j that we can use to solve

θ = argmin
θ

∑
j

∑
i

∥∥∥(f(i,j)xx , f(i,j)xy , f(i,j)yy

)
− hgθ(I(j))

(
f(i,j)x , f(i,j)y

)∥∥∥ͪ (͢.ͣ)

via stochastic gradient descent. We chose Euclidean distance as our loss, but it is not neces-

sarily the most appropriate choice; for example, we could have used another suggested͢͠

shape-space metric.

͢.͠.͢ TėĆĎēĎēČ DĆęĆ Ćēĉ NĊęĜĔėĐ AėĈčĎęĊĈęĚėĊ

Training requires samples I(j) ∈ Ĩ as well as samples of the positive set F+(I(j)) for each

͡-vector I(j). We generate the former by sampling light source directions L and quadratic

patches f and then applying Eqs. (͠.͢) and (͠.͠) (and their spatial derivatives) to render im-

age ͠-jets in I , then compress them to get ͡-vectors I(j) in Î . Speciϐically, we sample the light
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sources uniformly from the subset of Sͪ contained in an angular radius of π/ͬ from the view

direction (ͨ, ͨ, ͩ). We sample surface orientations fx, fy uniformly from the unit disk Bͪ. By

Observation ͟ it is sufϐicient to sample positive curvatures, so we sample fxx, fxy, fyy uniformly

from a bounded subset of Rͫ ∩ {fxxfyy − (fxy)ͪ > ͨ} ∩ {fxx + fyy > ͨ}.We then use these to

generate image measurement samples, and compress those into ͡-vectors I(j).

To create samples of the positive shape set F+(I(j)), we ϐirst generate a dense set of sample

orientations {(f(i)x , f(i)y )} from the unit disk (these will also serve as input to network hφ later).

Then, for each I(j) and for each f(i)x , f(i)y the corresponding “ground truth” second order shape

values (f(i,j)xy , f(i,j)xy , f(i,j)yy ) are computed by applying a numerical root-ϐinder to (͠.͡). The result

is a training set {
(I(j), f(i,j))

}
i,j
.

Numerical root ϐinding can be expensive, but the simpliϐication of the domain of gθ (see the

previous section) in our case reduces the computational burden.

Our model effectively solves a continuous set of non-linear regression tasks, where each

“task” is a regression from Rͪ to Rͫ for a particular image ͡-vector I. It is related to some ap-

proaches to meta-learning, which also try to learn models that handle many tasks simultane-

ously and adapt to new tasks quicklyͣ͠,ͥͣ. The differences are that our task-set is continuous,

and that we are not concerned with efϐicient adaptability.

For network gθ : Rͫ 7→ RM we use dg = ͩ hidden layer with wg = ͪͭ ReLU nodes. For

network hψ : Rͪ 7→ Rͫ we use one hidden layer with wh = ͭͨ ReLU nodes. The total number

of tunable parameters is N = (ͫ + ͩ)wg + (wg + ͩ)M in a total of about ͡͠ kilobytes, and

once the model is trained, the output description of the shape-set F(I) for any I consists of
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M = ͫ(ͪwh + ͩ) rational numbers (the size of vector ψ). The entire shape set at each image

point is therefore summarized by onlyM = ͫͨͫ ϐloating-point numbers, in just over ͟ kilo-

byte. Figure ͢.͢ visualizes the quality of ϐit for a representative test measurement I that was

not used during training. When this procedure is complete, we perform the inverse transfor-

mation mapping Ĩ → I to “decompress” the local shape sets.

͢.͡ QĚĆđĎęĆęĎěĊ AēĆđĞĘĎĘ Ćēĉ AĕĕđĎĈĆęĎĔēĘ

This point processor provides evidence that bolsters our uniqueness claims for the photo-

metric and the coquadratic applications from Section ͡. The two experiments that follow do

not use the isometric scaling compressions, but they do use the rotational compression.

͢.͡.͟ TĜĔ-SčĔę PčĔęĔĒĊęėĎĈ SęĊėĊĔ

The per-point ambiguity can be resolved by capturing additional images of the same surface

under distinct light directions. When the light directions are unknown this is called uncal-

ibrated photometric stereoͥ͡,͠͡,ͧ. In the traditional formulation, which is based purely on

surface orientation (fx, fy), it requires at least three images under three distinct lightsͤ͡. Our

point processor based on second-order shape provides a similar capability with only two

input images instead of three.

Consider two measurements Iͩ, Iͪ generated at the same point from two (unknown) light

sources Lͩ, Lͪ. A simulated example is depicted in the top of Figure ͢.ͤ. The ϐirst measure-

ment Iͩ limits the shape to being in the set F+(Iͩ), but within this set all shapes are equally

likely. Since the set is parameterized by surface orientation
(
fx, fy, φ̂Iͩ(fx, fy)

)
, we can visu-
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Figure 4.4: Visualization of the approximator’s interpolation error. This ϐigure depicts φ̂I for an I that
was randomly chosen from the convex hull of the training data set, but that was not used as a training
sample. The inset shows the four randomly-chosen solutions for which our approximation performs
worst, i.e. those f that maximize the error ||f− (fx, fy, φ̂I(fx, fy))||ͪͪ.
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Figure 4.5: Image measurements taken at the same pixel, of the same surface, with two distinct light
directions.

fx

fy

fx

fy

0 1
Relative Likelihood

only I1 both I1 and I2

Figure 4.6: Uncalibrated two-shot photometric stereo. The “likelihood” of different shapes using only
one measurement (left) or both measurements (right), visualized over the orientation domain. The
magenta dot indicates true shape used for simulation.
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alize the (uniform) “likelihood” over some reasonably-sized disk of the orientation domain

(fx, fy). This is shown in the left of Figure ͢.ͤ, with the magenta dot indicating the orientation

of the latent true shape f∗ that was used for the simulation.

The second measurement Iͪ further restricts the shape to being in the intersection of sets

F+(Iͩ) and F+(Iͪ). Thus, we can improve the “likelihood” based on how close each shape is to

F+(Iͩ) ∩ F+(Iͪ). One way to quantify this is

L(fx, fy) :=
∥∥∥φ̂Iͪ(fx, fy)− φ̂Iͩ(fx, fy)

∥∥∥ͪ
ͪ

(͢.ͤ)

for (fx, fy) in the disk. For our simulation, this updated two-measurement likelihood is shown

on the right of Figure ͢.ͤ, where it provides a successful identiϐication of the true shape.

Recovering the correct per-point shape (up to the four-way choice) by this simple strat-

egy relies on the intersection F+(Iͩ) ∩ F+(Iͪ) being a single point, as seems to be the case for

our simulation, as shown in Figure ͢.ͤ. Our experiments suggest this is typically the case, but

analytically characterizing the conditions for uniqueness may be a worthwhile direction for

future work. Also, resolving the four-way choice at each point would require making addi-

tional surface continuity assumptions, analogous to how “integrability” is used to reduce the

inherent global linear ambiguity in traditional three-shot photometric stereoͥ͡.

͢.͡.͠ SĕĆęĎĆđ ĈĔēĘĎĘęĊēĈĞ Ďē ęčĊ ĈĔĖĚĆĉėĆęĎĈ ĈĆĘĊ

An alternative way to reduce the per-point ambiguity F(I) is to design a ͠D array of point

processors that are connected together by enforcing surface continuity across an extended

region of the input image. As a simple example of this, we consider the scenario in which the
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I3

I4

f1

f2

f3

f4

I(x, y)

Figure 4.7: Four image measurements taken at four coquadratic points, i.e. four points from the same
quadratic surface.

fy

fx

0 1
Relative Likelihood

I1 only I1, I2 I1, I2, I3 I1, I2, I3, I4

Figure 4.8: Combining shape information at multiple co-quadratic points. Given one measurement Iͩ,
all quadratic shapes in F+(Iͩ) are equally likely. This is depicted on the left as a constant relative like-
lihood over the domain of function φ̂I. Incorporating measurements Ii at two or more points modiϐies
the likelihood to have a maximum that is close to the true shape (magenta dot) modulo ρͩ, ρͪ.
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entire surface is an extended quadratic function, meaning one that satisϐies (͠.͠) over the

entire image I(x, y)with some “true shape” values f∗ = (f∗x , f
∗
y , f

∗
xx, f

∗
xy, f

∗
yy).

When the surface is known to be an extended quadratic, any single local shape f ∈ F+(Iͩ)

at one point, say the image origin, immediately predicts a corresponding local shape f′ at

every other point (x, y) in the image, via (f′xx, f′xy, f′yy) = (fxx, fxy, fyy) and (f′x, f
′
y) = (fx, fy) +

A(x, y) · (fxx, fxy, fyy)with matrix

A(x, y) =

x y ͨ

ͨ x y

 . (͢.ͥ)

As before, we begin with a uniform relative likelihood over the shape set F+(Iͩ) obtained

by a single measurement at the origin in an input image of an extended quadratic surface

(Figure ͢.ͥ). Then given a measurement Iͪ at one other point (xͪ, yͪ), we use that information

to update the likelihood over the ϐirst set using (͢.ͤ), but with the term φ̂Iͪ(fx, fy) replaced

by φ̂Iͪ

(
(fx, fy) + A(xͪ, yͪ) · φ̂Iͩ(fx, fy)

)
. The updated two-measurement likelihood is shown in

Figure ͢.ͦ.

Despite our theoretical expectations, in our preliminary experiments the likelihood func-

tion L is sometimes not be a single pulse based on two coquadratic pixels alone. This could

result from approximation errors, namely undesired folds in the piecewise-linear approxi-

mation to the varieties. These artifacts might arise from overϐitting the network, which could

potentially be resolved by increasing the number of training samples. One could resolve this

issue by continuing the process: adding information from additional measurements, Iͫ at

(xͫ, yͫ) and Iͬ at (xͬ, yͬ), each time updating the likelihood over the original set L(fx, fy) by

accumulating the intersection errors between F+(Ii) and F+(Iͩ). The evolution of this likeli-
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hood for three and four points is shown in Figure ͢.ͦ. We see that the composite likelihood

function achieves its global maximum at a shape f ∈ F+(I) that is very close to f∗ modulo the

irreconcilable four-way ambiguity. This is consistent with the area-based analysis of Xiong et

al.ͥ͟ that proves the uniqueness of shape reconstruction for extended quadratric patches.
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5
Conclusion

This dissertation takes preliminary steps toward a deployable point processor for shad-

ing that does not require knowledge of lighting at a point or rely on accurate estimates of

that lighting. It suggests a new intermediate representation of the set of consistent second-

order shapes at each image point, in the form of an explicit differentiable, parametrized two-

dimensional manifold. It also provides two simple examples of how this new intermediate

representation can be used for shape analysis. The distinguishing feature of this approach is

that it has the potential to enable shape processing to succeed in real-world situations where

the lighting varies across surfaces and is therefore difϐicult or impossible to accurately infer.
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The contributions of this work are primarily theoretical, and turning this research into

practice will require substantial progress in several directions. This may include combining

multi-scale derivatives, creating spatial regularization schemes that are suitable for piece-

wise smooth surfaces, extending the approach from local second-order shape to local third-

order shape, and exploring the ability of the factored network architecture to represent more

general (e.g. non-Lambertian) rendering models and to be trained from images instead of

algebraic equations.

This dissertation is a jumping-off point for a number of interesting avenues of research.

One interesting direction for future work could be the incorporation of contour cues along-

side shading cues, or any number of other low-level vision cues. Another next avenue would

be to continue this local-to-global approach, addressing the global “consistency-constraining”

step. Finally, this work could beneϐit from a more thorough analysis conducted regarding the

ability of the ReLU network proposed here to approximate such systems of rational functions,

for example including error bounds. I look forward to the continued study of the inquiries

originating in this dissertation.
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A
Additional Detail

A.͟ AđČĊćėĆ ĕėĊđĎĒĎēĆėĎĊĘ

A mathematical prerequisite is Cox et al.ͦ͟,ͥ͟, but other excellent algebro-geometric primers

are Hartshorneͣ͡ and Harris͡͡. For real algebraic geometry, see Bochnak et al.͟͞ or Basu

et al.ͤ For differential topology, see Guillemin and Pollack͡͠. For elementary algebra, see

Gallianͦ͠. In this section, we will recall some particularly relevant deϐinitionsͣ͡,ͦ͟. Operators

will be written in bold to distinguish them from sets.

Deϐinition ͤ. Let G be a group acting on a set X. The orbit of an element x in X is the set of
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elements in X to which x can be moved by the elements of G. The orbit of x is denoted by G · x =

{g · x|g ∈ G}.

In this dissertation, we are particularly concerned with a particular such group G = ⟨ρͩ, ρͪ⟩.

Deϐinition ͥ. The set of all orbits of X under the action of G is written X/G, and is called the

quotient of the action. In geometric situations it may be called the orbit space.

A.͠ AđČĊćėĔ-ČĊĔĒĊęėĎĈ ĕėĊđĎĒĎēĆėĎĊĘ

Deϐinition ͦ (afϐine n-space). Deϔine afϔine n-space An
k (or simply An) to be the set of all n-

tuples of elements of a ϔixed ϔield k. In our work, we will use k = R in the exact case, and k = Q

in the approximate case. Note that neither of these ϔields are algebraically closed. We call an

element q ∈ A a point, and if q = (aͩ, . . . , an) with aν ∈ k, then the aν will be called the

coordinates of q.

Deϐinition ͧ (zero-locus). Let A = k[xͩ, . . . , xn] be the polynomial ring in n variables over k.

We can think of the elements g ∈ A as functions g : An → k, q 7→ g(q) := g(aͩ, . . . , an) where

g ∈ A and q ∈ An. Thus if T ⊆ A is a set of polynomials, we can discuss their joint zero-locus

V(T) := {q ∈ An|g(q) = ͨ ∀g ∈ T}.

Deϐinition ͟͞ (algebraic set, Zariski topology). A subset Y of An is called an algebraic set if

there exists a subset T ⊆ A such that Y = V(T). We deϔine the Zariski topology on An by taking

the open subsets to be the complements of the algebraic sets. We also call an algebraic set a

variety.
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Deϐinition ͟͟ (variety deϐined by an ideal). Given an ideal I ⊆ k[xͩ, . . . , xn], deϔine the set

V(I) = {a ∈ kn|f(a) = ͨ for all f ∈ I}.

Deϐinition ͟͠ (ideal, elimination ideal). For any subset Y ⊆ An, deϔine the ideal of Y in A by

I(Y) := {g ∈ A|g(q) = ͨ ∀q ∈ Y}.

Given an ideal I = ⟨fͩ, . . . , fs⟩ ⊆ k[xͩ, . . . , xn], the jth elimination ideal is

Ij := I ∩ k[xj+ͩ, . . . , xn] ⊆ k[xj+ͩ, . . . , xn].

Wemay also refer to Ij as the xͩ, . . . , xj-elimination ideal.

Deϐinition ͟͡ (J. Levin). The pencil of two quadric surfaces is the set of quadric surfaces lin-

early dependent on them. If the two intersect, then the intersection is contained in every surface

of the pencil.

Deϐinition ͟͢ (radical of an ideal). Let I ⊆ k[xͩ, . . . , xn] be an ideal. The radical of I, denoted

√
I, is the set

{f : fm ∈ I for some integer m ≥ ͩ}.

A.͡ OęčĊė DĊėĎěĆęĎĔēĘ Ĕċ ęčĊ KZĘ

A variant of Equations ͠.͡ were ϐirst derived by Kunsberg et al.ͣ͞ using a differential-geometric

approach. We provide an alternate tensor algebra-based derivation that is consistent with
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both our Theorem ͟ and their Equations C.͟-C.͡.

A.͡.͟ TĊēĘĔė AđČĊćėĆ DĊėĎěĆęĎĔē

We include an alternative derivation for completeness.

Proposition ͠.

(∇dwd)(∇aI)va︸ ︷︷ ︸
Dvu term

+(∇d∇aI)vawd︸ ︷︷ ︸
Iuu term

= IwddNc
dIIcav

a︸ ︷︷ ︸
⟨dNv,dNu⟩G term

+ nͫlcwd(∂dHca)va︸ ︷︷ ︸
third-order term

+ wd(∇f)s
(
IIsd(∇aI)− (∇dI)IIsa

)
va︸ ︷︷ ︸

the∇I term

Proof. Let wb be an arbitrary vector, and let va be a vector ϐield. We begin with the observa-

tion that va∇aI = gbclcdNb
av

a. Applying the covariant derivative operator to both sides,

LHS := ∇d(va∇aI) = ∇d(gbclcdNb
av

a) =: RHS,

and the product rule gives us

LHS = (∇dva)(∇aI) + (∇d∇aI)va.

Since dNb
a = −gbeIIea and gbcgbe = δec , we have

RHS = ∇d(gbclcdNb
av

a) = δec∇D(lcIIeava) = ∇D(lcIIcava)

= lc∇d(IIcava) + lcva(∇dIIca) = lcIIca(∇dva) + lcva∇d(IIca) + IIcava∇dlc
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and by §͠.͡ of KZ, we have∇dlc = IdNc
d. Suppose that va is a constant vector ϐield, i.e. it’s

always “the horizontal direction in the image plane”. Notice that∇dva can be decomposed

into ∂dva + Γhedve, but that ∂cva = ͨ for a constant vector ϐield va. Therefore

RHS = lcIIca(∇dva) + lcva∇d(IIca) + IIcavaIdNc
d

= lcIIcaΓaedve + lcva∇d(IIca) + IIcavaIdNc
d

We can also expand∇dIIca = ∂dIIca − ΓhcdIIha − ΓhadIIch from the second term above. We have

RHS = lcIIcaΓaedve + lcva(∂dIIca − ΓhcdIIha − ΓhadIIch) + IIcavaIdNc
d

= lcIIcaΓaedve + lcva∂dIIca − lcvaΓhcdIIha − lcvaΓhadIIch + IIcavaIdNc
d

= lcIIcaΓaadva + lcva∂dIIca − lcvaΓhcdIIha − lcIIcaΓaadva + IIcavaIdNc
d

= lcva∂dIIca − lcvaΓhcdIIha + IIcavaIdNc
d

Since lcIIcd is proportional to∇dI, the second term above is proportional to lcva
(
IIcd(∇f)h

)
IIha =

(∇dI)(∇f)hIIhava = (∇dI)(∇f)hIIhava. Furthermore, ∂dIIca = ∂d(nͫHca) = (∂dnͫ)Hca +

(∂dHca)nͫ for ͩ/nͫ =
√
ͩ+ ||∇f||ͪ. Applying wd to both sides, we have

(∇dwdva)(∇aI) + (∇d∇aI)vawd = lcwd(∂dnͫ)Hcava + nͫlcwd(∂dHca)va

− wd(∇dI)(∇f)hIIhava + wdIIcavaIdNc
d)

Further examining the ϐirst right-hand term, lc(∂dnͫ)Hca = lc(∂dnͫ)(IIca/nͫ) = (∂dnͫ)(ͩ/nͫ)(∇aI) =

(∇f)sIIsdnͫ(ͩ/nͫ)(∇aI) = (∇f)sIIsd(∇aI). Finally, we will match these terms up to KZ’s rela-
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tions.

(∇dwd)(∇aI)va︸ ︷︷ ︸
Dvu term

+(∇d∇aI)vawd︸ ︷︷ ︸
Iuu term

=wd(∇f)sIIsd(∇aI)va︸ ︷︷ ︸
one of the∇I terms

+ nͫlcwd(∂dHca)va︸ ︷︷ ︸
third-order term

− wd(∇dI)(∇f)hIIhava︸ ︷︷ ︸
one of the∇I terms

+ IwddNc
dIIcav

a︸ ︷︷ ︸
⟨dNv,dNu⟩G term

and rearranging,

(∇dwd)(∇aI)va︸ ︷︷ ︸
Dvu term

+(∇d∇aI)vawd︸ ︷︷ ︸
Iuu term

= IwddNc
dIIcav

a︸ ︷︷ ︸
⟨dNv,dNu⟩G term

+ nͫlcwd(∂dHca)va︸ ︷︷ ︸
third-order term

+ wd(∇f)s
(
IIsd(∇aI)− (∇dI)IIsa

)
va︸ ︷︷ ︸

the∇I term

.

A.͢ LĎēĊĆėĎęĞ Ďē ęčĊ ĒĆĎē ĕĔđĞēĔĒĎĆđĘ

Restated from the main text, we begin with Equations (͠.͡),
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Cͩ(f; I) := I
((
fͪx + ͩ

)
fͪxy + fxx

(
−ͪfxfxyfy + fxxfͪy + fxx

))
+
(
fͪx + fͪy + ͩ

) (
Ixx
(
fͪx + fͪy + ͩ

)
+ ͪIx(fxfxx + fxyfy)

)
,

Cͪ(f; I) := I
((
fͪx + ͩ

)
fͪyy − ͪfxfxyfyfyy + fͪxy

(
fͪy + ͩ

))
+
(
fͪx + fͪy + ͩ

) (
Iyy
(
fͪx + fͪy + ͩ

)
+ ͪIy(fxfxy + fyfyy)

)
,

Cͫ(f; I) :=
(
fͪx + fͪy + ͩ

) (
fͪxIxy + fx(fxxIy + fxyIx) + fy(fxyIy + fyIxy + fyyIx) + Ixy

)
+ I
(
fxy
(
fͪxfyy − fxfxyfy + fyy

)
+ fxx

(
−fxfyfyy + fxyfͪy + fxy

))

Since these are linear in I, they can be rewritten as a matrix equality,

ͨ =

(
(fͪx+ͩ)fͪxy−ͪfxfyfxxfxy+fͪxx(f

ͪ
y+ͩ) ͪγ(fxfxx+fxyfy) ͨ γͪ ͨ ͨ

(fͪx+ͩ)fͪyy−ͪfxfyfxyfyy+fͪxy(fͪy+ͩ) ͨ ͪγ(fxfxy+fyfyy) ͨ ͨ γͪ

fxy(fͪx fyy−fxfyfxy+fyy)+fxx(fͪyfxy−fxfyfyy+fxy) γ(fxfxy+fyfyy) γ(fxfxx+fyfxy) ͨ γͪ ͨ

)
I (A.͟)

with γ = fͪx + fͪy + ͩ.

In Section ͡ we proved that certain properties hold for observed image measurements

generated by ground truth light L. The goal of this section is to prove that that speciϐication

was not a terrible limitation. That is, does the property shown then also hold for arbitrary L?

One way this might be solved is using the fact that Equations (͠.͡) are each linear in I, and I

is also linear in L. Therefore the reconstruction problem can be reframed as a condition on a

polynomial-valued ͮ× ͫ matrixM for which ͨ = M(f; f∗,qͩ,qͪ) ·L. This matrix can be derived

by expanding I into its analytical form as a function of L.
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Example ͡ gives the solution set to

ͨ = M

(
f;

( −ͩ
−ͩ
ͫ
ͩ
−ͪ

)
, (−ͩ, ͩ), (ͩ, ͪ)

)
·
( ͩ

−ͩ
ͩͭ

)
.

By deϐinition the surface f is consistent with I(f∗,qͩ,qͪ) if and only if there exists nonzero

L ∈ kerM(f; f∗,qͩ,qͪ). What can we say about kerM(f; f∗,qͩ,qͪ)when f∗,qͩ,qͪ are not ϐixed?

The kernel ofM is nontrivial if and only ifM is not full-rank, which in this case is a rank of ͫ.

This turns the reconstruction problem into a single constraint

f ∼ f∗,qͩ,qͪ ⇐⇒ rankM(f; f∗,qͩ,qͪ) < ͫ.

Following this path may provide a way of proving the statements made in this work for ob-

served images from generic ground truth light L.

A.ͣ SĆĒĕđĎēČ ċėĔĒ SĚėċĆĈĊ SĕĆĈĊ

In this work we opted for representing the surface patches as points in Euclidean space, with

the usual metric. This choice will at least affect the way in which points are sampled for our

data-driven network approach. However, it is possible that there exist more appropriate met-

rics. For example, one could use the shapelet-space metric proposed in Koenderink et al.͢͠

for the surface curvature representations.
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Their Cartesian coordinates are deϐined by

r =
ͩ
ͪ(fxx − fyy)

s = fxy (A.͠)

t =
ͩ
ͪ(fxx + fyy),

and polar coordinates by

C =
√

rͪ + sͪ + tͪ

ρ = arctan
(

t√
rͪ + tͪ

)
(A.͡)

φ =
ͩ
ͪarctan

( s
r

)
.

The authors argue that geodesic paths in this shape space will be planar logarithmic spirals,

on planes passing through the origin. We expand upon this observation.

Rͫ T−→ Rͫ π−→ Rͪ

The image on the right depicts the result of the orthogonal linear transform T and projec-

tion π (call this R := π ◦ T) associating the plane to span{eͩ, eͪ}. In particular, given any
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x, x′ ∈ Rͫ, we deϐine n := x× x′, u := x
||x|| , v := n

||n|| , w := x×n
||x×n|| , and

T :=


| | |

u v w

| | |



T

=


| | |

x
||x||

x×x′
||x×x′||

x×(x×x′)
||x×(x×x′)||

| | |



T

.

These spirals can be deϐined in polar coordinates by ρ = aebθ. Given two surϐlets (corre-

sponding to two points y = Rx, y′ = Rx′ ∈ Rͪ in post-R shape space) there is a unique loga-

rithmic spiral passing through those points and the origin. Express y, y′ in polar coordinates,

giving (r,φ) and (r′,φ′). Then the unique logarithmic spiral is given by equation

ρ = r
( r
r′

) θ−φ
φ−φ′ ⇐⇒ a = r

( r
r′

) −φ
φ−φ′ and b =

( ͩ
φ− φ′

)
ln
( r
r′

)
=

ͩ
φ
ln
( r
a

)
.

Since R is orthogonal, the geodesic distance between x, x′ will be the same as that of y, y′.

That is,

Lemma ͣ. The geodesic distance between x, x′ ̸= ͨ is

d(x, x′) =
∣∣r− r′

∣∣
√√√√(φ− φ′

ln
( r
r′
))ͪ

+ ͩ

where Rx =: (r,φ) and Rx′ =: (r′,φ′).

Proof. First notice that r
a =

( r
r′
) φ

φ−φ′ =⇒ ln
( r
a

)
= ln

(( r
r′
) φ

φ−φ′
)

= φ
φ−φ′ ln

( r
r′
)
and
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( r
a

)φ′
φ =

( r
r′
) φ′

φ−φ′ , so

d(x, x′) = |arclengthͨ(y)− arclengthͨ(y′)| =
∣∣∣∣∣a
√
ͩ+ bͪ

b

(
ebφ − ebφ

′
)∣∣∣∣∣

=

∣∣∣∣∣∣∣∣
a

√
ͩ+

(
ͩ
φ ln

( r
a

))ͪ
ͩ
φ ln

( r
a

) (
e

ͩ
φ ln( r

a)φ − e
ͩ
φ ln( r

a)φ
′)
∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣a
√

φͪ +
(
ln
( r
a

))ͪ
ln
( r
a

) (
r
a
−
( r
a

)φ′
φ

)∣∣∣∣∣∣ =
∣∣∣∣∣∣a
√

φͪ +
(
ln
( r
a

))ͪ
ln
( r
a

) (
r
a
−
( r
a

)φ′
φ

)∣∣∣∣∣∣
=

∣∣∣∣∣∣∣a
√√√√( φ

ln
( r
a

))ͪ

+ ͩ
(
r
a
−
( r
a

)φ′
φ

)∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣a
√√√√( φ

φ
φ−φ′ ln

( r
r′
))ͪ

+ ͩ
(
r
a
−
( r
a

)φ′
φ

)∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣r
( r
r′

) −φ
φ−φ′

(( r
r′

) φ
φ−φ′ −

( r
r′

) φ′
φ−φ′

)√√√√(φ− φ′

ln
( r
r′
))ͪ

+ ͩ

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣r
(( r

r′

) φ−φ
φ−φ′ −

( r
r′

)φ′−φ
φ−φ′

)√√√√(φ− φ′

ln
( r
r′
))ͪ

+ ͩ

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣r
(
ͩ−

(
r′

r

))√√√√(φ− φ′

ln
( r
r′
))ͪ

+ ͩ

∣∣∣∣∣∣∣ =
∣∣r− r′

∣∣
√√√√(φ− φ′

ln
( r
r′
))ͪ

+ ͩ

A.ͤ CĔĉĊ: CĔēĊ FĎęęĎēČ Ďē MĆęčĊĒĆęĎĈĆ

model = {#1^2, #2^2, #1, #2, #3, #1 #2, #1 #3, #2 #3, #3^2} & @@@ pp;

lmf = LinearModelFit[ model, {1, x2, y2, x, y, z, xy, xz, yz},

{x2, y2, x, y, z, xy, xz, yz}];

fun[u_, v_, w_] := lmf["BestFitParameters"].{1, u^2, v^2, u, v, w,

u v, u w, v w};
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Print[fun[u, v, w] - w^2 == 0];

where pp is the point cloud in Rͫ.

A.ͥ CĔĉĊ: RĆĉĎĈĆđ DĊĈĔĒĕĔĘĎęĎĔē ĈĔĉĊ Ďē MĆČĒĆ

R := RationalField();

PQlg<a,b,c,d,e,w,x,y> := PolynomialRing(R, 8, "grevlex");

PQsm<ra,rb,rc,rd,re> := PolynomialRing(R, 5, "grevlex");

ta := -1;

tb := 2;

tc := -4;

td := 3;

te := 3;

l1 := 1;

l2 := -1;

l3 := 15;

x1 := 0;

y1 := 0;

x2 := -1;

y2 := 2;

F1 := hom<PQlg -> PQsm | [ra, rb, rc, rd, re, 1, x1, y1]>;
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F2 := hom<PQlg -> PQsm | [ra, rb, rc, rd, re, 1, x2, y2]>;

// From GetEqs.nb and saved to KH PC. loads variable "KZh".

load "Equations/KZs_expand_hom.txt";

// Evaluate sys at xi,yi.

sysF1 := F1(KZh);

sysF2 := F2(KZh);

fullSysF := sysF1 join sysF2;

idF := ideal<PQsm | fullSysF>;

dF,_ := Dimension(idF);

primesF := RadicalDecomposition(idF);

allprimes := primesF[1] meet primesF[2] meet primesF[3] meet

primesF[4] meet primesF[5];

mprimes:=MinimalBasis(allprimes);

// MB of Rad(I) is the same as MB of rad decomp of I

ridF:=Radical(idF);

mridF:=MinimalBasis(ridF);
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A.ͦ CĔĉĊ: FĎēĉĎēČ ͠D SĚćĘĕĆĈĊĘ Ďē MĆČĒĆ

tCoefs := function(f, t)

fout := f;

for j in t do

fout := &cat[Coefficients(fout[i], j) : i in [1..#fout]];

end for;

return Exclude(Seqset(fout),0);

end function;

R := RationalField();

PQog<a, b, c, d, e, w, x, y, ta, tb, tc, td, te> :=

PolynomialRing(R, 13, "grevlex");

PQlg<t1, t2, s, pa, pb, pc, pd, pe, tta, ttb, ttc, ttd, tte> :=

PolynomialRing(R, 13, "grevlex");

PQsm<ppa, ppb, ppc, ppd, ppe, pta, ptb, ptc, ptd, pte> :=

PolynomialRing(R, 10, "grevlex");

l1 := 1;

l2 := -1;

l3 := 15;

w := 1;

num := [-1, 2, -4, 3, 3];

sym := [tta, ttb,ttc,ttd,tte];
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sv := RSpace(PQlg, 5) ! sym; // Cast as a 5-vector in PQlg space.

load "Equations/KZs_expand_hom.txt";

ContractToPQsm := hom<PQlg -> PQsm | 0, 0, 0, ppa, ppb, ppc,

ppd, ppe, pta, ptb, ptc, ptd, pte>;

FanoMat := Transpose(RMatrixSpace(PQlg, 13, 3) !

[0, 0, pa,

0, 0, pb,

0, 0, pc,

0, 0, pd,

0, 0, pe,

0, 0, 1,

1, 0, 0,

0, 1, 0,

0, 0, sv[1],

0, 0, sv[2],

0, 0, sv[3],

0, 0, sv[4],

0, 0, sv[5]]);

F := hom<PQog -> PQlg | Eltseq(RSpace(PQlg, 3) ! [t1, t2, s] * FanoMat)>;

Fh := [elem : elem in F(KZh)];

Fc := tCoefs(Fh, {t1, t2, s});

fullSys := ContractToPQsm(Fc);
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fano := ideal<PQsm | fullSys>;

fanoMB := MinimalBasis(fano);

GroebnerBasis(fano);

print(fano);

print RadicalDecomposition(fano);

A.ͧ A GėśćēĊė BĆĘĎĘ ċĔė ęčĊ ĘĊĈĔēĉ ĊđĎĒĎēĆęĎĔē ĎĉĊĆđ Ĕċ ⟨Cͩ, Cͪ, Cͫ⟩

This polynomial is relevant to Section ͠.͢. Inclusion of this polynomial in its entirety is intended to

convey the difϐiculty in working with or analyzing it in the fully-symbolic case, i.e. where I is allowed

to vary freely. This polynomial can be derived from taking the second elimination ideal generated by

the three equations Cͩ, Cͪ, Cͫ in the main theorem. Buchberger’s algorithm was used to generate this

polynomial; because ϐinding S-polynomials involves a polynomial multiplication at each iteration, it

can return an expression that is quite unwieldy. This equation is signiϐicant because its zero locus is a

fairly tight superset of the set π(X; I).
g(c, d, e; I) = dͩͮ − Ͱcdͩͬe+ ͪͰcͪdͩͪeͪ − ͭͮcͫdͩͨeͫ + ͯͨcͬdͰeͬ − ͭͮcͭdͮeͭ + ͪͰcͮdͬeͮ − Ͱcͯdͪeͯ + cͰeͰ + ͮdͩͬIͪx − ͫͮcdͩͪeIͪx + ͱͨcͪdͩͨeͪIͪx + ͮdͩͪeͪIͪx −

ͩͪͨcͫdͰeͫIͪx−ͫͮcdͩͨeͫIͪx+ͱͨcͬdͮeͬIͪx+ͱͨcͪdͰeͬIͪx−ͫͮcͭdͬeͭIͪx−ͩͪͨcͫdͮeͭIͪx+ͮcͮdͪeͮIͪx+ͱͨcͬdͬeͮIͪx−ͫͮcͭdͪeͯIͪx+ͮcͮeͰIͪx+ͱdͩͪIͬx −ͫͮcdͩͨeIͬx +ͭͬcͪdͰeͪIͬx +

ͩͰdͩͨeͪIͬx − ͫͮcͫdͮeͫIͬx − ͯͪcdͰeͫIͬx +ͱcͬdͬeͬIͬx + ͩͨͰcͪdͮeͬIͬx +ͱdͰeͬIͬx − ͯͪcͫdͬeͭIͬx − ͫͮcdͮeͭIͬx + ͩͰcͬdͪeͮIͬx + ͭͬcͪdͬeͮIͬx − ͫͮcͫdͪeͯIͬx +ͱcͬeͰIͬx +ͬdͩͨIͮx −

ͰcdͰeIͮx +ͬcͪdͮeͪIͮx +ͩͪdͰeͪIͮx −ͪͬcdͮeͫIͮx +ͩͪcͪdͬeͬIͮx +ͩͪdͮeͬIͮx −ͪͬcdͬeͭIͮx +ͩͪcͪdͪeͮIͮx +ͬdͬeͮIͮx −ͰcdͪeͯIͮx +ͬcͪeͰIͮx +ͪdͩͬIxx−ͩͪcdͩͪeIxx+ͫͨcͪdͩͨeͪIxx+

ͪdͩͪeͪIxx − ͬͨcͫdͰeͫIxx − ͩͪcdͩͨeͫIxx + ͫͨcͬdͮeͬIxx + ͫͨcͪdͰeͬIxx − ͩͪcͭdͬeͭIxx − ͬͨcͫdͮeͭIxx + ͪcͮdͪeͮIxx + ͫͨcͬdͬeͮIxx − ͩͪcͭdͪeͯIxx + ͪcͮeͰIxx + ͬdͩͪIͪx Ixx −

ͩͮcdͩͨeIͪx Ixx+ͪͬcͪdͰeͪIͪx Ixx+ͰdͩͨeͪIͪx Ixx−ͩͮcͫdͮeͫIͪx Ixx−ͫͪcdͰeͫIͪx Ixx+ͬcͬdͬeͬIͪx Ixx+ͬͰcͪdͮeͬIͪx Ixx+ͬdͰeͬIͪx Ixx−ͫͪcͫdͬeͭIͪx Ixx−ͩͮcdͮeͭIͪx Ixx+ͰcͬdͪeͮIͪx Ixx+

ͪͬcͪdͬeͮIͪx Ixx − ͩͮcͫdͪeͯIͪx Ixx + ͬcͬeͰIͪx Ixx + ͪdͩͨIͬx Ixx − ͬcdͰeIͬx Ixx + ͪcͪdͮeͪIͬx Ixx + ͮdͰeͪIͬx Ixx − ͩͪcdͮeͫIͬx Ixx + ͮcͪdͬeͬIͬx Ixx + ͮdͮeͬIͬx Ixx − ͩͪcdͬeͭIͬx Ixx +

ͮcͪdͪeͮIͬx Ixx + ͪdͬeͮIͬx Ixx − ͬcdͪeͯIͬx Ixx + ͪcͪeͰIͬx Ixx + dͩͪIͪxx − ͬcdͩͨeIͪxx + ͮcͪdͰeͪIͪxx + ͪdͩͨeͪIͪxx − ͬcͫdͮeͫIͪxx − ͰcdͰeͫIͪxx + cͬdͬeͬIͪxx + ͩͪcͪdͮeͬIͪxx + dͰeͬIͪxx −

ͰcͫdͬeͭIͪxx−ͬcdͮeͭIͪxx+ͪcͬdͪeͮIͪxx+ͮcͪdͬeͮIͪxx−ͬcͫdͪeͯIͪxx+cͬeͰIͪxx+ͪdͩͨIͪx Iͪxx−ͬcdͰeIͪx Iͪxx+ͪcͪdͮeͪIͪx Iͪxx+ͮdͰeͪIͪx Iͪxx−ͩͪcdͮeͫIͪx Iͪxx+ͮcͪdͬeͬIͪx Iͪxx+ͮdͮeͬIͪx Iͪxx−

ͩͪcdͬeͭIͪx Iͪxx +ͮcͪdͪeͮIͪx Iͪxx + ͪdͬeͮIͪx Iͪxx −ͬcdͪeͯIͪx Iͪxx + ͪcͪeͰIͪx Iͪxx + dͰIͬx I
ͪ
xx +ͬdͮeͪIͬx Iͪxx +ͮdͬeͬIͬx Iͪxx +ͬdͪeͮIͬx Iͪxx + eͰIͬx I

ͪ
xx −ͬcdͩͫIxy + ͪͬcͪdͩͩeIxy −ͬdͩͫeIxy −

ͮͨcͫdͱeͪIxy+ͪͬcdͩͩeͪIxy+ͰͨcͬdͯeͫIxy−ͮͨcͪdͱeͫIxy−ͮͨcͭdͭeͬIxy+ͰͨcͫdͯeͬIxy+ͪͬcͮdͫeͭIxy−ͮͨcͬdͭeͭIxy−ͬcͯdeͮIxy+ͪͬcͭdͫeͮIxy−ͬcͮdeͯIxy−ͰcdͩͩIͪx Ixy+

ͫͪcͪdͱeIͪx Ixy−ͰdͩͩeIͪx Ixy−ͬͰcͫdͯeͪIͪx Ixy+ͪͬcdͱeͪIͪx Ixy+ͫͪcͬdͭeͫIͪx Ixy−ͩͮcͪdͯeͫIͪx Ixy−ͰdͱeͫIͪx Ixy−ͰcͭdͫeͬIͪx Ixy−ͩͮcͫdͭeͬIͪx Ixy+ͫͪcdͯeͬIͪx Ixy+ͪͬcͬdͫeͭIͪx Ixy−

ͬͰcͪdͭeͭIͪx Ixy − ͰcͭdeͮIͪx Ixy + ͫͪcͫdͫeͮIͪx Ixy − ͰcͬdeͯIͪx Ixy − ͬcdͱIͬx Ixy + ͰcͪdͯeIͬx Ixy − ͬdͱeIͬx Ixy − ͬcͫdͭeͪIͬx Ixy + ͩͪcͪdͭeͫIͬx Ixy − ͰdͯeͫIͬx Ixy − ͰcͫdͫeͬIͬx Ixy +

ͩͪcdͭeͬIͬx Ixy − ͬdͭeͭIͬx Ixy − ͬcͫdeͮIͬx Ixy + ͰcdͫeͮIͬx Ixy − ͬcͪdeͯIͬx Ixy − ͬcdͩͩIxxIxy + ͩͮcͪdͱeIxxIxy − ͬdͩͩeIxxIxy − ͪͬcͫdͯeͪIxxIxy + ͩͪcdͱeͪIxxIxy + ͩͮcͬdͭeͫIxxIxy −

ͰcͪdͯeͫIxxIxy − ͬdͱeͫIxxIxy − ͬcͭdͫeͬIxxIxy − ͰcͫdͭeͬIxxIxy + ͩͮcdͯeͬIxxIxy + ͩͪcͬdͫeͭIxxIxy − ͪͬcͪdͭeͭIxxIxy − ͬcͭdeͮIxxIxy + ͩͮcͫdͫeͮIxxIxy − ͬcͬdeͯIxxIxy −

ͰcdͱIͪx IxxIxy+ͩͮcͪdͯeIͪx IxxIxy−ͰdͱeIͪx IxxIxy−ͰcͫdͭeͪIͪx IxxIxy+ͪͬcͪdͭeͫIͪx IxxIxy−ͩͮdͯeͫIͪx IxxIxy−ͩͮcͫdͫeͬIͪx IxxIxy+ͪͬcdͭeͬIͪx IxxIxy−ͰdͭeͭIͪx IxxIxy−ͰcͫdeͮIͪx IxxIxy+

ͩͮcdͫeͮIͪx IxxIxy − ͰcͪdeͯIͪx IxxIxy − ͬcdͯIͬx IxxIxy − ͬdͯeIͬx IxxIxy − ͩͪcdͭeͪIͬx IxxIxy − ͩͪdͭeͫIͬx IxxIxy − ͩͪcdͫeͬIͬx IxxIxy − ͩͪdͫeͭIͬx IxxIxy − ͬcdeͮIͬx IxxIxy − ͬdeͯIͬx IxxIxy +

ͬcͪdͩͨIͪxy − ͪdͩͪIͪxy − ͩͮcͫdͰeIͪxy + ͪͨcdͩͨeIͪxy + ͪͬcͬdͮeͪIͪxy − ͮͪcͪdͰeͪIͪxy + ͬdͩͨeͪIͪxy − ͩͮcͭdͬeͫIͪxy + ͰͰcͫdͮeͫIͪxy − ͩͮcdͰeͫIͪxy + ͬcͮdͪeͬIͪxy − ͮͪcͬdͬeͬIͪxy +

ͧ͟



ͪͬcͪdͮeͬIͪxy+ͪͨcͭdͪeͭIͪxy−ͩͮcͫdͬeͭIͪxy−ͪcͮeͮIͪxy+ͬcͬdͪeͮIͪxy+ͰcͪdͰIͪx Iͪxy+ͩͨdͩͨIͪx Iͪxy−ͩͮcͫdͮeIͪx Iͪxy−ͪͬcdͰeIͪx Iͪxy+ͰcͬdͬeͪIͪx Iͪxy+ͫͮcͪdͮeͪIͪx Iͪxy+ͩͰdͰeͪIͪx Iͪxy−

ͬͨcͫdͬeͫIͪx Iͪxy − ͬͨcdͮeͫIͪx Iͪxy + ͩͰcͬdͪeͬIͪx Iͪxy + ͫͮcͪdͬeͬIͪx Iͪxy + ͰdͮeͬIͪx Iͪxy − ͪͬcͫdͪeͭIͪx Iͪxy − ͩͮcdͬeͭIͪx Iͪxy + ͩͨcͬeͮIͪx Iͪxy + ͰcͪdͪeͮIͪx Iͪxy + ͬcͪdͮIͬx Iͪxy + ͰcdͮeIͬx Iͪxy +

ͰcͪdͬeͪIͬx Iͪxy+ͬdͮeͪIͬx Iͪxy+ͩͮcdͬeͫIͬx Iͪxy+ͬcͪdͪeͬIͬx Iͪxy+ͰdͬeͬIͬx Iͪxy+ͰcdͪeͭIͬx Iͪxy+ͬdͪeͮIͬx Iͪxy−ͪdͩͨIxxIͪxy+ͰcdͰeIxxIͪxy−ͩͪcͪdͮeͪIxxIͪxy−ͪdͰeͪIxxIͪxy+ͰcͫdͬeͫIxxIͪxy+

ͰcdͮeͫIxxIͪxy − ͪcͬdͪeͬIxxIͪxy − ͩͪcͪdͬeͬIxxIͪxy + ͰcͫdͪeͭIxxIͪxy − ͪcͬeͮIxxIͪxy + ͪdͰIͪx IxxIͪxy − ͬcdͮeIͪx IxxIͪxy + ͪcͪdͬeͪIͪx IxxIͪxy + ͬdͮeͪIͪx IxxIͪxy − ͰcdͬeͫIͪx IxxIͪxy +

ͬcͪdͪeͬIͪx IxxIͪxy+ͪdͬeͬIͪx IxxIͪxy−ͬcdͪeͭIͪx IxxIͪxy+ͪcͪeͮIͪx IxxIͪxy+ͬcdͱIͫxy−ͩͮcͪdͯeIͫxy+ͬdͱeIͫxy+ͪͬcͫdͭeͪIͫxy−ͩͮcdͯeͪIͫxy−ͩͮcͬdͫeͫIͫxy+ͪͬcͪdͭeͫIͫxy+ͬcͭdeͬIͫxy−

ͩͮcͫdͫeͬIͫxy+ͬcͬdeͭIͫxy−ͬcdͯIͪx Iͫxy+ͰcͪdͭeIͪx Iͫxy−ͬdͯeIͪx Iͫxy−ͬcͫdͫeͪIͪx Iͫxy+ͬcdͭeͪIͪx Iͫxy+ͬcͪdͫeͫIͪx Iͫxy−ͬdͭeͫIͪx Iͫxy−ͬcͫdeͬIͪx Iͫxy+ͰcdͫeͬIͪx Iͫxy−ͬcͪdeͭIͪx Iͫxy+dͰIͬxy−

ͬcdͮeIͬxy+ͮcͪdͬeͪIͬxy−ͬcͫdͪeͫIͬxy+cͬeͬIͬxy− ͩͪcdͩͫIxIy+ͯͪcͪdͩͩeIxIy− ͩͪdͩͫeIxIy− ͩͰͨcͫdͱeͪIxIy+ͯͪcdͩͩeͪIxIy+ͪͬͨcͬdͯeͫIxIy− ͩͰͨcͪdͱeͫIxIy− ͩͰͨcͭdͭeͬIxIy+

ͪͬͨcͫdͯeͬIxIy + ͯͪcͮdͫeͭIxIy − ͩͰͨcͬdͭeͭIxIy − ͩͪcͯdeͮIxIy + ͯͪcͭdͫeͮIxIy − ͩͪcͮdeͯIxIy − ͫͮcdͩͩIͫx Iy + ͩͬͬcͪdͱeIͫx Iy − ͫͮdͩͩeIͫx Iy − ͪͩͮcͫdͯeͪIͫx Iy + ͩͨͰcdͱeͪIͫx Iy +

ͩͬͬcͬdͭeͫIͫx Iy−ͯͪcͪdͯeͫIͫx Iy−ͫͮdͱeͫIͫx Iy−ͫͮcͭdͫeͬIͫx Iy−ͯͪcͫdͭeͬIͫx Iy+ͩͬͬcdͯeͬIͫx Iy+ͩͨͰcͬdͫeͭIͫx Iy−ͪͩͮcͪdͭeͭIͫx Iy−ͫͮcͭdeͮIͫx Iy+ͩͬͬcͫdͫeͮIͫx Iy−ͫͮcͬdeͯIͫx Iy−

ͪͬcdͱIͭx Iy+ͬͰcͪdͯeIͭx Iy−ͪͬdͱeIͭx Iy−ͪͬcͫdͭeͪIͭx Iy+ͯͪcͪdͭeͫIͭx Iy−ͬͰdͯeͫIͭx Iy−ͬͰcͫdͫeͬIͭx Iy+ͯͪcdͭeͬIͭx Iy−ͪͬdͭeͭIͭx Iy−ͪͬcͫdeͮIͭx Iy+ͬͰcdͫeͮIͭx Iy−ͪͬcͪdeͯIͭx Iy−

ͰcdͩͩIxIxxIy + ͫͪcͪdͱeIxIxxIy −ͰdͩͩeIxIxxIy −ͬͰcͫdͯeͪIxIxxIy + ͪͬcdͱeͪIxIxxIy + ͫͪcͬdͭeͫIxIxxIy − ͩͮcͪdͯeͫIxIxxIy −ͰdͱeͫIxIxxIy −ͰcͭdͫeͬIxIxxIy − ͩͮcͫdͭeͬIxIxxIy +

ͫͪcdͯeͬIxIxxIy + ͪͬcͬdͫeͭIxIxxIy − ͬͰcͪdͭeͭIxIxxIy − ͰcͭdeͮIxIxxIy + ͫͪcͫdͫeͮIxIxxIy − ͰcͬdeͯIxIxxIy − ͰcdͱIͫx IxxIy + ͩͮcͪdͯeIͫx IxxIy − ͰdͱeIͫx IxxIy − ͰcͫdͭeͪIͫx IxxIy +

ͪͬcͪdͭeͫIͫx IxxIy − ͩͮdͯeͫIͫx IxxIy − ͩͮcͫdͫeͬIͫx IxxIy + ͪͬcdͭeͬIͫx IxxIy − ͰdͭeͭIͫx IxxIy − ͰcͫdeͮIͫx IxxIy + ͩͮcdͫeͮIͫx IxxIy − ͰcͪdeͯIͫx IxxIy − ͬcdͱIxIͪxxIy + ͰcͪdͯeIxIͪxxIy −

ͬdͱeIxIͪxxIy − ͬcͫdͭeͪIxIͪxxIy + ͩͪcͪdͭeͫIxIͪxxIy − ͰdͯeͫIxIͪxxIy − ͰcͫdͫeͬIxIͪxxIy + ͩͪcdͭeͬIxIͪxxIy − ͬdͭeͭIxIͪxxIy − ͬcͫdeͮIxIͪxxIy + ͰcdͫeͮIxIͪxxIy − ͬcͪdeͯIxIͪxxIy −

ͬcdͯIͫx IͪxxIy−ͬdͯeIͫx IͪxxIy−ͩͪcdͭeͪIͫx IͪxxIy−ͩͪdͭeͫIͫx IͪxxIy−ͩͪcdͫeͬIͫx IͪxxIy−ͩͪdͫeͭIͫx IͪxxIy−ͬcdeͮIͫx IͪxxIy−ͬdeͯIͫx IͪxxIy+ͩͮcͪdͩͨIxIxyIy−ͪͨdͩͪIxIxyIy−ͮͬcͫdͰeIxIxyIy+

ͩͭͪcdͩͨeIxIxyIy + ͱͮcͬdͮeͪIxIxyIy − ͬͪͰcͪdͰeͪIxIxyIy + ͩͮdͩͨeͪIxIxyIy − ͮͬcͭdͬeͫIxIxyIy + ͭͱͪcͫdͮeͫIxIxyIy − ͮͬcdͰeͫIxIxyIy + ͩͮcͮdͪeͬIxIxyIy − ͬͪͰcͬdͬeͬIxIxyIy +

ͱͮcͪdͮeͬIxIxyIy + ͩͭͪcͭdͪeͭIxIxyIy − ͮͬcͫdͬeͭIxIxyIy − ͪͨcͮeͮIxIxyIy + ͩͮcͬdͪeͮIxIxyIy + ͩͮcͪdͰIͫx IxyIy − ͪͰdͩͨIͫx IxyIy − ͫͪcͫdͮeIͫx IxyIy + ͩͬͬcdͰeIͫx IxyIy +

ͩͮcͬdͬeͪIͫx IxyIy − ͪͩͮcͪdͮeͪIͫx IxyIy − ͩͪdͰeͪIͫx IxyIy + ͩͩͪcͫdͬeͫIͫx IxyIy + ͩͩͪcdͮeͫIͫx IxyIy − ͩͪcͬdͪeͬIͫx IxyIy − ͪͩͮcͪdͬeͬIͫx IxyIy + ͩͮdͮeͬIͫx IxyIy + ͩͬͬcͫdͪeͭIͫx IxyIy −

ͫͪcdͬeͭIͫx IxyIy − ͪͰcͬeͮIͫx IxyIy + ͩͮcͪdͪeͮIͫx IxyIy − ͰdͰIͭx IxyIy + ͩͮcdͮeIͭx IxyIy − ͰcͪdͬeͪIͭx IxyIy − ͩͮdͮeͪIͭx IxyIy + ͫͪcdͬeͫIͭx IxyIy − ͩͮcͪdͪeͬIͭx IxyIy − ͰdͬeͬIͭx IxyIy +

ͩͮcdͪeͭIͭx IxyIy −ͰcͪeͮIͭx IxyIy + ͩͮcͪdͰIxIxxIxyIy − ͪͨdͩͨIxIxxIxyIy − ͫͪcͫdͮeIxIxxIxyIy + ͩͩͪcdͰeIxIxxIxyIy + ͩͮcͬdͬeͪIxIxxIxyIy − ͩͮͰcͪdͮeͪIxIxxIxyIy − ͬdͰeͪIxIxxIxyIy +

ͰͨcͫdͬeͫIxIxxIxyIy + ͰͨcdͮeͫIxIxxIxyIy − ͬcͬdͪeͬIxIxxIxyIy − ͩͮͰcͪdͬeͬIxIxxIxyIy + ͩͮdͮeͬIxIxxIxyIy + ͩͩͪcͫdͪeͭIxIxxIxyIy − ͫͪcdͬeͭIxIxxIxyIy − ͪͨcͬeͮIxIxxIxyIy +

ͩͮcͪdͪeͮIxIxxIxyIy+ͩͮcͪdͮIͫx IxxIxyIy+ͬdͰIͫx IxxIxyIy+ͪͬcdͮeIͫx IxxIxyIy+ͫͮcͪdͬeͪIͫx IxxIxyIy+ͪͬdͮeͪIͫx IxxIxyIy+ͬͰcdͬeͫIͫx IxxIxyIy+ͪͬcͪdͪeͬIͫx IxxIxyIy+ͫͮdͬeͬIͫx IxxIxyIy+

ͪͬcdͪeͭIͫx IxxIxyIy+ͬcͪeͮIͫx IxxIxyIy+ͩͮdͪeͮIͫx IxxIxyIy−ͰdͰIxIͪxxIxyIy+ͩͮcdͮeIxIͪxxIxyIy−ͰcͪdͬeͪIxIͪxxIxyIy−ͩͮdͮeͪIxIͪxxIxyIy+ͫͪcdͬeͫIxIͪxxIxyIy−ͩͮcͪdͪeͬIxIͪxxIxyIy−

ͰdͬeͬIxIͪxxIxyIy+ͩͮcdͪeͭIxIͪxxIxyIy−ͰcͪeͮIxIͪxxIxyIy−ͩͮcͫdͯIxIͪxyIy+ͪͨcdͱIxIͪxyIy+ͫͪcͬdͭeIxIͪxyIy−ͩͪͰcͪdͯeIxIͪxyIy+ͪͨdͱeIxIͪxyIy−ͩͮcͭdͫeͪIxIͪxyIy+ͪͩͮcͫdͭeͪIxIͪxyIy−

ͩͪͰcdͯeͪIxIͪxyIy − ͩͪͰcͬdͫeͫIxIͪxyIy + ͪͩͮcͪdͭeͫIxIͪxyIy − ͩͮdͯeͫIxIͪxyIy + ͪͨcͭdeͬIxIͪxyIy − ͩͪͰcͫdͫeͬIxIͪxyIy + ͫͪcdͭeͬIxIͪxyIy + ͪͨcͬdeͭIxIͪxyIy − ͩͮcͪdͫeͭIxIͪxyIy −

ͩͮcͫdͭIͫx IͪxyIy − ͰcdͯIͫx IͪxyIy − ͫͪcͪdͭeIͫx IͪxyIy − ͰdͯeIͫx IͪxyIy − ͪͬcͫdͫeͪIͫx IͪxyIy − ͬͨcdͭeͪIͫx IͪxyIy − ͬͨcͪdͫeͫIͫx IͪxyIy − ͪͬdͭeͫIͫx IͪxyIy − ͰcͫdeͬIͫx IͪxyIy − ͫͪcdͫeͬIͫx IͪxyIy −

ͰcͪdeͭIͫx IͪxyIy − ͩͮdͫeͭIͫx IͪxyIy + ͪͰcdͯIxIxxIͪxyIy − ͭͮcͪdͭeIxIxxIͪxyIy + ͪͰdͯeIxIxxIͪxyIy + ͪͰcͫdͫeͪIxIxxIͪxyIy − ͪͰcdͭeͪIxIxxIͪxyIy − ͪͰcͪdͫeͫIxIxxIͪxyIy + ͪͰdͭeͫIxIxxIͪxyIy +

ͪͰcͫdeͬIxIxxIͪxyIy − ͭͮcdͫeͬIxIxxIͪxyIy + ͪͰcͪdeͭIxIxxIͪxyIy − ͪͬcͪdͮIxIͫxyIy − ͩͪdͰIxIͫxyIy + ͬͰcͫdͬeIxIͫxyIy − ͪͬcͬdͪeͪIxIͫxyIy + ͪͬcͪdͬeͪIxIͫxyIy − ͪͬdͮeͪIxIͫxyIy +

ͬͰcdͬeͫIxIͫxyIy−ͩͪcͬeͬIxIͫxyIy−ͪͬcͪdͪeͬIxIͫxyIy+ͮcͪdͩͪIͪy+ͮdͩͬIͪy−ͫͮcͫdͩͨeIͪy−ͫͮcdͩͪeIͪy+ͱͨcͬdͰeͪIͪy+ͱͨcͪdͩͨeͪIͪy−ͩͪͨcͭdͮeͫIͪy−ͩͪͨcͫdͰeͫIͪy+ͱͨcͮdͬeͬIͪy+

ͱͨcͬdͮeͬIͪy−ͫͮcͯdͪeͭIͪy−ͫͮcͭdͬeͭIͪy+ͮcͰeͮIͪy+ͮcͮdͪeͮIͪy+ͭͬcͪdͩͨIͪx Iͪy+ͩͰdͩͪIͪx Iͪy−ͪͩͮcͫdͰeIͪx Iͪy+ͫͪͬcͬdͮeͪIͪx Iͪy−ͩͮͪcͪdͰeͪIͪx Iͪy+ͭͬdͩͨeͪIͪx Iͪy−ͪͩͮcͭdͬeͫIͪx Iͪy+

ͪͰͰcͫdͮeͫIͪx Iͪy−ͪͩͮcdͰeͫIͪx Iͪy+ͭͬcͮdͪeͬIͪx Iͪy− ͩͮͪcͬdͬeͬIͪx Iͪy+ͫͪͬcͪdͮeͬIͪx Iͪy−ͪͩͮcͫdͬeͭIͪx Iͪy+ ͩͰcͮeͮIͪx Iͪy+ͭͬcͬdͪeͮIͪx Iͪy+ͮͨcͪdͰIͬx Iͪy+ ͩͪdͩͨIͬx Iͪy− ͩͪͨcͫdͮeIͬx Iͪy+

ͯͪcdͰeIͬx Iͪy+ͮͨcͬdͬeͪIͬx Iͪy− ͩͨͰcͪdͮeͪIͬx Iͪy+ͯͪdͰeͪIͬx Iͪy−ͬͰcͫdͬeͫIͬx Iͪy−ͬͰcdͮeͫIͬx Iͪy+ͯͪcͬdͪeͬIͬx Iͪy− ͩͨͰcͪdͬeͬIͬx Iͪy+ͮͨdͮeͬIͬx Iͪy+ͯͪcͫdͪeͭIͬx Iͪy− ͩͪͨcdͬeͭIͬx Iͪy+

ͩͪcͬeͮIͬx Iͪy +ͮͨcͪdͪeͮIͬx Iͪy +ͬcͪdͩͨIxxIͪy + ͩͬdͩͪIxxIͪy − ͩͮcͫdͰeIxxIͪy −ͯͮcdͩͨeIxxIͪy +ͪͬcͬdͮeͪIxxIͪy + ͩͯͰcͪdͰeͪIxxIͪy +ͬdͩͨeͪIxxIͪy − ͩͮcͭdͬeͫIxxIͪy −ͪͫͪcͫdͮeͫIxxIͪy −

ͩͮcdͰeͫIxxIͪy + ͬcͮdͪeͬIxxIͪy + ͩͯͰcͬdͬeͬIxxIͪy + ͪͬcͪdͮeͬIxxIͪy − ͯͮcͭdͪeͭIxxIͪy − ͩͮcͫdͬeͭIxxIͪy + ͩͬcͮeͮIxxIͪy + ͬcͬdͪeͮIxxIͪy + ͩͪcͪdͰIͪx IxxIͪy + ͩͰdͩͨIͪx IxxIͪy −

ͪͬcͫdͮeIͪx IxxIͪy − ͬͰcdͰeIͪx IxxIͪy + ͩͪcͬdͬeͪIͪx IxxIͪy + ͯͪcͪdͮeͪIͪx IxxIͪy + ͫͨdͰeͪIͪx IxxIͪy − ͯͪcͫdͬeͫIͪx IxxIͪy − ͯͪcdͮeͫIͪx IxxIͪy + ͫͨcͬdͪeͬIͪx IxxIͪy + ͯͪcͪdͬeͬIͪx IxxIͪy +

ͩͪdͮeͬIͪx IxxIͪy − ͬͰcͫdͪeͭIͪx IxxIͪy − ͪͬcdͬeͭIͪx IxxIͪy + ͩͰcͬeͮIͪx IxxIͪy + ͩͪcͪdͪeͮIͪx IxxIͪy + ͬdͰIͬx IxxIͪy − ͰcdͮeIͬx IxxIͪy + ͬcͪdͬeͪIͬx IxxIͪy + ͰdͮeͪIͬx IxxIͪy − ͩͮcdͬeͫIͬx IxxIͪy +

ͰcͪdͪeͬIͬx IxxIͪy + ͬdͬeͬIͬx IxxIͪy − ͰcdͪeͭIͬx IxxIͪy + ͬcͪeͮIͬx IxxIͪy + ͪcͪdͰIͪxxIͪy + ͩͪdͩͨIͪxxIͪy − ͬcͫdͮeIͪxxIͪy − ͬͬcdͰeIͪxxIͪy + ͪcͬdͬeͪIͪxxIͪy + ͮͮcͪdͮeͪIͪxxIͪy + ͩͬdͰeͪIͪxxIͪy −

ͬͰcͫdͬeͫIͪxxIͪy−ͬͰcdͮeͫIͪxxIͪy+ ͩͬcͬdͪeͬIͪxxIͪy+ͮͮcͪdͬeͬIͪxxIͪy+ͪdͮeͬIͪxxIͪy−ͬͬcͫdͪeͭIͪxxIͪy−ͬcdͬeͭIͪxxIͪy+ ͩͪcͬeͮIͪxxIͪy+ͪcͪdͪeͮIͪxxIͪy+ͮcͪdͮIͪx IͪxxIͪy+ ͩͪcdͮeIͪx IͪxxIͪy+

ͩͪcͪdͬeͪIͪx IͪxxIͪy+ͮdͮeͪIͪx IͪxxIͪy+ͪͬcdͬeͫIͪx IͪxxIͪy+ͮcͪdͪeͬIͪx IͪxxIͪy+ ͩͪdͬeͬIͪx IͪxxIͪy+ ͩͪcdͪeͭIͪx IͪxxIͪy+ͮdͪeͮIͪx IͪxxIͪy+ͬdͰIͫxxIͪy−ͰcdͮeIͫxxIͪy+ͬcͪdͬeͪIͫxxIͪy+ͰdͮeͪIͫxxIͪy−

ͩͮcdͬeͫIͫxxIͪy+ͰcͪdͪeͬIͫxxIͪy+ͬdͬeͬIͫxxIͪy−ͰcdͪeͭIͫxxIͪy+ͬcͪeͮIͫxxIͪy−ͰcͫdͱIxyIͪy−ͰcdͩͩIxyIͪy+ͫͪcͬdͯeIxyIͪy+ͪͬcͪdͱeIxyIͪy−ͰdͩͩeIxyIͪy−ͬͰcͭdͭeͪIxyIͪy−ͩͮcͫdͯeͪIxyIͪy+

ͫͪcdͱeͪIxyIͪy+ͫͪcͮdͫeͫIxyIͪy−ͩͮcͬdͭeͫIxyIͪy−ͬͰcͪdͯeͫIxyIͪy−ͰcͯdeͬIxyIͪy+ͪͬcͭdͫeͬIxyIͪy+ͫͪcͫdͭeͬIxyIͪy−ͰcͮdeͭIxyIͪy−ͰcͬdͫeͭIxyIͪy−ͪͬcͫdͯIͪx IxyIͪy+ͬͰcdͱIͪx IxyIͪy+

ͬͰcͬdͭeIͪx IxyIͪy − ͪͮͬcͪdͯeIͪx IxyIͪy + ͬͰdͱeIͪx IxyIͪy − ͪͬcͭdͫeͪIͪx IxyIͪy + ͬͫͪcͫdͭeͪIͪx IxyIͪy − ͪͮͬcdͯeͪIͪx IxyIͪy − ͪͮͬcͬdͫeͫIͪx IxyIͪy + ͬͫͪcͪdͭeͫIͪx IxyIͪy − ͪͬdͯeͫIͪx IxyIͪy +

ͬͰcͭdeͬIͪx IxyIͪy−ͪͮͬcͫdͫeͬIͪx IxyIͪy+ͬͰcdͭeͬIͪx IxyIͪy+ͬͰcͬdeͭIͪx IxyIͪy−ͪͬcͪdͫeͭIͪx IxyIͪy+ͫͪcdͯIͬx IxyIͪy−ͮͬcͪdͭeIͬx IxyIͪy+ͫͪdͯeIͬx IxyIͪy+ͫͪcͫdͫeͪIͬx IxyIͪy−ͫͪcdͭeͪIͬx IxyIͪy−

ͫͪcͪdͫeͫIͬx IxyIͪy+ͫͪdͭeͫIͬx IxyIͪy+ͫͪcͫdeͬIͬx IxyIͪy−ͮͬcdͫeͬIͬx IxyIͪy+ͫͪcͪdeͭIͬx IxyIͪy−ͰcͫdͯIxxIxyIͪy−ͪͰcdͱIxxIxyIͪy+ͩͮcͬdͭeIxxIxyIͪy+ͰͰcͪdͯeIxxIxyIͪy−ͪͰdͱeIxxIxyIͪy−

ͧ͠



ͰcͭdͫeͪIxxIxyIͪy − ͩͪͨcͫdͭeͪIxxIxyIͪy +ͰͰcdͯeͪIxxIxyIͪy +ͰͰcͬdͫeͫIxxIxyIͪy − ͩͪͨcͪdͭeͫIxxIxyIͪy −ͰdͯeͫIxxIxyIͪy − ͪͰcͭdeͬIxxIxyIͪy +ͰͰcͫdͫeͬIxxIxyIͪy + ͩͮcdͭeͬIxxIxyIͪy −

ͪͰcͬdeͭIxxIxyIͪy−ͰcͪdͫeͭIxxIxyIͪy−ͪͬcͫdͭIͪx IxxIxyIͪy−ͩͪcdͯIͪx IxxIxyIͪy−ͬͰcͪdͭeIͪx IxxIxyIͪy−ͩͪdͯeIͪx IxxIxyIͪy−ͫͮcͫdͫeͪIͪx IxxIxyIͪy−ͮͨcdͭeͪIͪx IxxIxyIͪy−ͮͨcͪdͫeͫIͪx IxxIxyIͪy−

ͫͮdͭeͫIͪx IxxIxyIͪy − ͩͪcͫdeͬIͪx IxxIxyIͪy − ͬͰcdͫeͬIͪx IxxIxyIͪy − ͩͪcͪdeͭIͪx IxxIxyIͪy − ͪͬdͫeͭIͪx IxxIxyIͪy − ͩͮcdͯIͪxxIxyIͪy + ͫͪcͪdͭeIͪxxIxyIͪy − ͩͮdͯeIͪxxIxyIͪy − ͩͮcͫdͫeͪIͪxxIxyIͪy +

ͩͮcdͭeͪIͪxxIxyIͪy + ͩͮcͪdͫeͫIͪxxIxyIͪy − ͩͮdͭeͫIͪxxIxyIͪy − ͩͮcͫdeͬIͪxxIxyIͪy + ͫͪcdͫeͬIͪxxIxyIͪy − ͩͮcͪdeͭIͪxxIxyIͪy + ͰcͬdͮIͪxyIͪy + ͩͰcͪdͰIͪxyIͪy + ͩͨdͩͨIͪxyIͪy − ͩͮcͭdͬeIͪxyIͪy −

ͬͨcͫdͮeIͪxyIͪy−ͪͬcdͰeIͪxyIͪy+ͰcͮdͪeͪIͪxyIͪy+ͫͮcͬdͬeͪIͪxyIͪy+ͫͮcͪdͮeͪIͪxyIͪy+ͰdͰeͪIͪxyIͪy−ͪͬcͭdͪeͫIͪxyIͪy−ͬͨcͫdͬeͫIͪxyIͪy−ͩͮcdͮeͫIͪxyIͪy+ͩͨcͮeͬIͪxyIͪy+ͩͰcͬdͪeͬIͪxyIͪy+

ͰcͪdͬeͬIͪxyIͪy +ͪͬcͬdͬIͪx IͪxyIͪy +ͪͬcͪdͮIͪx IͪxyIͪy +ͫͮdͰIͪx IͪxyIͪy +ͬͰcͫdͬeIͪx IͪxyIͪy −ͱͮcdͮeIͪx IͪxyIͪy +ͪͬcͬdͪeͪIͪx IͪxyIͪy +ͪͮͬcͪdͬeͪIͪx IͪxyIͪy +ͪͬdͮeͪIͪx IͪxyIͪy −ͱͮcͫdͪeͫIͪx IͪxyIͪy +

ͬͰcdͬeͫIͪx IͪxyIͪy+ͫͮcͬeͬIͪx IͪxyIͪy+ͪͬcͪdͪeͬIͪx IͪxyIͪy+ͪͬdͬeͬIͪx IͪxyIͪy+ͩͰcͪdͮIxxIͪxyIͪy+ͰdͰIxxIͪxyIͪy−ͫͮcͫdͬeIxxIͪxyIͪy+ͬcdͮeIxxIͪxyIͪy+ͩͰcͬdͪeͪIxxIͪxyIͪy−ͪͬcͪdͬeͪIxxIͪxyIͪy+

ͩͰdͮeͪIxxIͪxyIͪy +ͬcͫdͪeͫIxxIͪxyIͪy − ͫͮcdͬeͫIxxIͪxyIͪy +ͰcͬeͬIxxIͪxyIͪy + ͩͰcͪdͪeͬIxxIͪxyIͪy −ͬcͫdͭIͫxyIͪy −ͬcdͯIͫxyIͪy +ͰcͬdͫeIͫxyIͪy +ͬcͪdͭeIͫxyIͪy −ͬdͯeIͫxyIͪy −ͬcͭdeͪIͫxyIͪy +

ͬcͫdͫeͪIͫxyIͪy + ͰcdͭeͪIͫxyIͪy − ͬcͬdeͫIͫxyIͪy − ͬcͪdͫeͫIͫxyIͪy − ͫͮcͫdͱIxIͫy − ͫͮcdͩͩIxIͫy + ͩͬͬcͬdͯeIxIͫy + ͩͨͰcͪdͱeIxIͫy − ͫͮdͩͩeIxIͫy − ͪͩͮcͭdͭeͪIxIͫy − ͯͪcͫdͯeͪIxIͫy +

ͩͬͬcdͱeͪIxIͫy + ͩͬͬcͮdͫeͫIxIͫy −ͯͪcͬdͭeͫIxIͫy −ͪͩͮcͪdͯeͫIxIͫy −ͫͮcͯdeͬIxIͫy + ͩͨͰcͭdͫeͬIxIͫy + ͩͬͬcͫdͭeͬIxIͫy −ͫͮcͮdeͭIxIͫy −ͫͮcͬdͫeͭIxIͫy −ͰͨcͫdͯIͫx Iͫy −ͬͰcdͱIͫx Iͫy +

ͩͮͨcͬdͭeIͫx Iͫy − ͬͰcͪdͯeIͫx Iͫy − ͬͰdͱeIͫx Iͫy − ͰͨcͭdͫeͪIͫx Iͫy + ͩͱͪcͫdͭeͪIͫx Iͫy − ͬͰcdͯeͪIͫx Iͫy − ͬͰcͬdͫeͫIͫx Iͫy + ͩͱͪcͪdͭeͫIͫx Iͫy − ͰͨdͯeͫIͫx Iͫy − ͬͰcͭdeͬIͫx Iͫy − ͬͰcͫdͫeͬIͫx Iͫy +

ͩͮͨcdͭeͬIͫx Iͫy − ͬͰcͬdeͭIͫx Iͫy − ͰͨcͪdͫeͭIͫx Iͫy − ͰcͫdͯIxIxxIͫy − ͫͮcdͱIxIxxIͫy + ͩͮcͬdͭeIxIxxIͫy + ͩͪͨcͪdͯeIxIxxIͫy − ͫͮdͱeIxIxxIͫy − ͰcͭdͫeͪIxIxxIͫy − ͩͮͰcͫdͭeͪIxIxxIͫy +

ͩͪͨcdͯeͪIxIxxIͫy+ͩͪͨcͬdͫeͫIxIxxIͫy−ͩͮͰcͪdͭeͫIxIxxIͫy−ͰdͯeͫIxIxxIͫy−ͫͮcͭdeͬIxIxxIͫy+ͩͪͨcͫdͫeͬIxIxxIͫy+ͩͮcdͭeͬIxIxxIͫy−ͫͮcͬdeͭIxIxxIͫy−ͰcͪdͫeͭIxIxxIͫy−ͩͮcdͯIͫx IxxIͫy+

ͫͪcͪdͭeIͫx IxxIͫy − ͩͮdͯeIͫx IxxIͫy − ͩͮcͫdͫeͪIͫx IxxIͫy + ͩͮcdͭeͪIͫx IxxIͫy + ͩͮcͪdͫeͫIͫx IxxIͫy − ͩͮdͭeͫIͫx IxxIͫy − ͩͮcͫdeͬIͫx IxxIͫy + ͫͪcdͫeͬIͫx IxxIͫy − ͩͮcͪdeͭIͫx IxxIͫy −ͬcͫdͭIxIͪxxIͫy −

ͩͪcͪdͭeIxIͪxxIͫy − ͬcͫdͫeͪIxIͪxxIͫy − ͩͪcdͭeͪIxIͪxxIͫy − ͩͪcͪdͫeͫIxIͪxxIͫy − ͬdͭeͫIxIͪxxIͫy − ͩͪcdͫeͬIxIͪxxIͫy − ͬdͫeͭIxIͪxxIͫy + ͩͮcͬdͮIxIxyIͫy − ͩͪcͪdͰIxIxyIͫy − ͪͰdͩͨIxIxyIͫy −

ͫͪcͭdͬeIxIxyIͫy + ͩͩͪcͫdͮeIxIxyIͫy + ͩͬͬcdͰeIxIxyIͫy + ͩͮcͮdͪeͪIxIxyIͫy − ͪͩͮcͬdͬeͪIxIxyIͫy − ͪͩͮcͪdͮeͪIxIxyIͫy + ͩͮdͰeͪIxIxyIͫy + ͩͬͬcͭdͪeͫIxIxyIͫy + ͩͩͪcͫdͬeͫIxIxyIͫy −

ͫͪcdͮeͫIxIxyIͫy−ͪͰcͮeͬIxIxyIͫy−ͩͪcͬdͪeͬIxIxyIͫy+ͩͮcͪdͬeͬIxIxyIͫy−ͬͰcͪdͮIͫx IxyIͫy−ͩͮdͰIͫx IxyIͫy+ͱͮcͫdͬeIͫx IxyIͫy−ͫͪcdͮeIͫx IxyIͫy−ͬͰcͬdͪeͪIͫx IxyIͫy+ͱͮcͪdͬeͪIͫx IxyIͫy−

ͬͰdͮeͪIͫx IxyIͫy − ͫͪcͫdͪeͫIͫx IxyIͫy + ͱͮcdͬeͫIͫx IxyIͫy − ͩͮcͬeͬIͫx IxyIͫy − ͬͰcͪdͪeͬIͫx IxyIͫy + ͩͮcͬdͬIxIxxIxyIͫy + ͩͪcͪdͮIxIxxIxyIͫy − ͫͪdͰIxIxxIxyIͫy + ͬͨcͫdͬeIxIxxIxyIͫy +

ͩͭͪcdͮeIxIxxIxyIͫy + ͩͪcͬdͪeͪIxIxxIxyIͫy − ͩͬͬcͪdͬeͪIxIxxIxyIͫy + ͩͪdͮeͪIxIxxIxyIͫy + ͩͭͪcͫdͪeͫIxIxxIxyIͫy + ͬͨcdͬeͫIxIxxIxyIͫy − ͫͪcͬeͬIxIxxIxyIͫy + ͩͪcͪdͪeͬIxIxxIxyIͫy +

ͩͮdͬeͬIxIxxIxyIͫy − ͩͮcͭdͫIxIͪxyIͫy − ͪͬcͫdͭIxIͪxyIͫy − ͰcdͯIxIͪxyIͫy − ͫͪcͬdͫeIxIͪxyIͫy − ͬͨcͪdͭeIxIͪxyIͫy − ͰdͯeIxIͪxyIͫy − ͰcͭdeͪIxIͪxyIͫy − ͬͨcͫdͫeͪIxIͪxyIͫy − ͫͪcdͭeͪIxIͪxyIͫy −

ͰcͬdeͫIxIͪxyIͫy − ͪͬcͪdͫeͫIxIͪxyIͫy − ͩͮdͭeͫIxIͪxyIͫy + ͱcͬdͰIͬy + ͩͰcͪdͩͨIͬy + ͱdͩͪIͬy − ͫͮcͭdͮeIͬy − ͯͪcͫdͰeIͬy − ͫͮcdͩͨeIͬy + ͭͬcͮdͬeͪIͬy + ͩͨͰcͬdͮeͪIͬy + ͭͬcͪdͰeͪIͬy −

ͫͮcͯdͪeͫIͬy − ͯͪcͭdͬeͫIͬy − ͫͮcͫdͮeͫIͬy + ͱcͰeͬIͬy + ͩͰcͮdͪeͬIͬy + ͱcͬdͬeͬIͬy + ͮͨcͬdͮIͪx Iͬy + ͯͪcͪdͰIͪx Iͬy + ͩͪdͩͨIͪx Iͬy − ͩͪͨcͭdͬeIͪx Iͬy − ͬͰcͫdͮeIͪx Iͬy + ͯͪcdͰeIͪx Iͬy +

ͮͨcͮdͪeͪIͪx Iͬy − ͩͨͰcͬdͬeͪIͪx Iͬy − ͩͨͰcͪdͮeͪIͪx Iͬy +ͮͨdͰeͪIͪx Iͬy +ͯͪcͭdͪeͫIͪx Iͬy −ͬͰcͫdͬeͫIͪx Iͬy − ͩͪͨcdͮeͫIͪx Iͬy + ͩͪcͮeͬIͪx Iͬy +ͯͪcͬdͪeͬIͪx Iͬy +ͮͨcͪdͬeͬIͪx Iͬy +ͪcͬdͮIxxIͬy +

ͩͰcͪdͰIxxIͬy + ͩͮdͩͨIxxIͬy −ͬcͭdͬeIxxIͬy −ͮͬcͫdͮeIxxIͬy −ͮͨcdͰeIxxIͬy +ͪcͮdͪeͪIxxIͬy +ͱͨcͬdͬeͪIxxIͬy +ͱͨcͪdͮeͪIxxIͬy +ͪdͰeͪIxxIͬy −ͮͨcͭdͪeͫIxxIͬy −ͮͬcͫdͬeͫIxxIͬy −

ͬcdͮeͫIxxIͬy + ͩͮcͮeͬIxxIͬy + ͩͰcͬdͪeͬIxxIͬy + ͪcͪdͬeͬIxxIͬy + ͪͬcͪdͮIͪx IxxIͬy + ͰdͰIͪx IxxIͬy − ͬͰcͫdͬeIͪx IxxIͬy + ͩͮcdͮeIͪx IxxIͬy + ͪͬcͬdͪeͪIͪx IxxIͬy − ͬͰcͪdͬeͪIͪx IxxIͬy +

ͪͬdͮeͪIͪx IxxIͬy +ͩͮcͫdͪeͫIͪx IxxIͬy −ͬͰcdͬeͫIͪx IxxIͬy +ͰcͬeͬIͪx IxxIͬy +ͪͬcͪdͪeͬIͪx IxxIͬy +cͬdͬIͪxxI
ͬ
y +ͰdͰIͪxxIͬy +ͬcͫdͬeIͪxxIͬy −ͫͪcdͮeIͪxxIͬy +ͭͬcͪdͬeͪIͪxxIͬy −ͫͪcͫdͪeͫIͪxxIͬy +

ͬcdͬeͫIͪxxIͬy + ͰcͬeͬIͪxxIͬy + dͬeͬIͪxxI
ͬ
y − ͬcͭdͭIxyIͬy − ͰcͫdͯIxyIͬy − ͬcdͱIxyIͬy + ͰcͮdͫeIxyIͬy + ͩͪcͬdͭeIxyIͬy − ͬdͱeIxyIͬy − ͬcͯdeͪIxyIͬy + ͩͪcͫdͭeͪIxyIͬy + ͰcdͯeͪIxyIͬy −

ͬcͮdeͫIxyIͬy − ͰcͬdͫeͫIxyIͬy − ͬcͪdͭeͫIxyIͬy + ͫͪcͫdͭIͪx IxyIͬy + ͫͪcdͯIͪx IxyIͬy − ͮͬcͬdͫeIͪx IxyIͬy − ͫͪcͪdͭeIͪx IxyIͬy + ͫͪdͯeIͪx IxyIͬy + ͫͪcͭdeͪIͪx IxyIͬy − ͫͪcͫdͫeͪIͪx IxyIͬy −

ͮͬcdͭeͪIͪx IxyIͬy + ͫͪcͬdeͫIͪx IxyIͬy + ͫͪcͪdͫeͫIͪx IxyIͬy − ͬcͭdͫIxxIxyIͬy − ͬcͫdͭIxxIxyIͬy − ͩͪcͬdͫeIxxIxyIͬy − ͩͪcͪdͭeIxxIxyIͬy − ͩͪcͫdͫeͪIxxIxyIͬy − ͩͪcdͭeͪIxxIxyIͬy −

ͬcͪdͫeͫIxxIxyIͬy − ͬdͭeͫIxxIxyIͬy + ͬcͮdͪIͪxyIͬy + ͰcͬdͬIͪxyIͬy + ͬcͪdͮIͪxyIͬy + ͰcͭdͪeIͪxyIͬy + ͩͮcͫdͬeIͪxyIͬy + ͰcdͮeIͪxyIͬy + ͬcͬdͪeͪIͪxyIͬy + ͰcͪdͬeͪIͪxyIͬy + ͬdͮeͪIͪxyIͬy −

ͪͬcͭdͭIxIͭy−ͬͰcͫdͯIxIͭy−ͪͬcdͱIxIͭy+ͬͰcͮdͫeIxIͭy+ͯͪcͬdͭeIxIͭy−ͪͬdͱeIxIͭy−ͪͬcͯdeͪIxIͭy+ͯͪcͫdͭeͪIxIͭy+ͬͰcdͯeͪIxIͭy−ͪͬcͮdeͫIxIͭy−ͬͰcͬdͫeͫIxIͭy−ͪͬcͪdͭeͫIxIͭy−

ͩͮcͫdͭIxIxxIͭy − ͩͮcdͯIxIxxIͭy + ͫͪcͬdͫeIxIxxIͭy + ͩͮcͪdͭeIxIxxIͭy − ͩͮdͯeIxIxxIͭy − ͩͮcͭdeͪIxIxxIͭy + ͩͮcͫdͫeͪIxIxxIͭy + ͫͪcdͭeͪIxIxxIͭy − ͩͮcͬdeͫIxIxxIͭy − ͩͮcͪdͫeͫIxIxxIͭy −

ͰcͬdͬIxIxyIͭy − ͩͮcͪdͮIxIxyIͭy − ͰdͰIxIxyIͭy + ͩͮcͭdͪeIxIxyIͭy + ͫͪcͫdͬeIxIxyIͭy + ͩͮcdͮeIxIxyIͭy − ͰcͮeͪIxIxyIͭy − ͩͮcͬdͪeͪIxIxyIͭy − ͰcͪdͬeͪIxIxyIͭy + ͬcͮdͬIͮy + ͩͪcͬdͮIͮy +

ͩͪcͪdͰIͮy +ͬdͩͨIͮy −ͰcͯdͪeIͮy −ͪͬcͭdͬeIͮy −ͪͬcͫdͮeIͮy −ͰcdͰeIͮy +ͬcͰeͪIͮy +ͩͪcͮdͪeͪIͮy +ͩͪcͬdͬeͪIͮy +ͬcͪdͮeͪIͮy +ͬcͬdͬIxxIͮy +ͰcͪdͮIxxIͮy +ͬdͰIxxIͮy −ͰcͭdͪeIxxIͮy −

ͩͮcͫdͬeIxxIͮy − ͰcdͮeIxxIͮy + ͬcͮeͪIxxIͮy + ͰcͬdͪeͪIxxIͮy + ͬcͪdͬeͪIxxIͮy + ͪcͪdͩͪIyy + ͪdͩͬIyy − ͩͪcͫdͩͨeIyy − ͩͪcdͩͪeIyy + ͫͨcͬdͰeͪIyy + ͫͨcͪdͩͨeͪIyy − ͬͨcͭdͮeͫIyy −

ͬͨcͫdͰeͫIyy+ͫͨcͮdͬeͬIyy+ͫͨcͬdͮeͬIyy−ͩͪcͯdͪeͭIyy−ͩͪcͭdͬeͭIyy+ͪcͰeͮIyy+ͪcͮdͪeͮIyy+ͬcͪdͩͨIͪx Iyy+ͩͬdͩͪIͪx Iyy−ͩͮcͫdͰeIͪx Iyy−ͯͮcdͩͨeIͪx Iyy+ͪͬcͬdͮeͪIͪx Iyy+

ͩͯͰcͪdͰeͪIͪx Iyy + ͬdͩͨeͪIͪx Iyy − ͩͮcͭdͬeͫIͪx Iyy − ͪͫͪcͫdͮeͫIͪx Iyy − ͩͮcdͰeͫIͪx Iyy + ͬcͮdͪeͬIͪx Iyy + ͩͯͰcͬdͬeͬIͪx Iyy + ͪͬcͪdͮeͬIͪx Iyy − ͯͮcͭdͪeͭIͪx Iyy − ͩͮcͫdͬeͭIͪx Iyy +

ͩͬcͮeͮIͪx Iyy + ͬcͬdͪeͮIͪx Iyy + ͪcͪdͰIͬx Iyy + ͩͮdͩͨIͬx Iyy − ͬcͫdͮeIͬx Iyy − ͮͨcdͰeIͬx Iyy + ͪcͬdͬeͪIͬx Iyy + ͱͨcͪdͮeͪIͬx Iyy + ͩͰdͰeͪIͬx Iyy − ͮͬcͫdͬeͫIͬx Iyy − ͮͬcdͮeͫIͬx Iyy +

ͩͰcͬdͪeͬIͬx Iyy + ͱͨcͪdͬeͬIͬx Iyy + ͪdͮeͬIͬx Iyy − ͮͨcͫdͪeͭIͬx Iyy − ͬcdͬeͭIͬx Iyy + ͩͮcͬeͮIͬx Iyy + ͪcͪdͪeͮIͬx Iyy + ͬdͰIͮx Iyy − ͰcdͮeIͮx Iyy + ͬcͪdͬeͪIͮx Iyy + ͰdͮeͪIͮx Iyy −

ͩͮcdͬeͫIͮx Iyy + ͰcͪdͪeͬIͮx Iyy + ͬdͬeͬIͮx Iyy − ͰcdͪeͭIͮx Iyy + ͬcͪeͮIͮx Iyy + ͪcͪdͩͨIxxIyy + ͬdͩͪIxxIyy − ͰcͫdͰeIxxIyy − ͪͨcdͩͨeIxxIyy + ͩͪcͬdͮeͪIxxIyy + ͬͬcͪdͰeͪIxxIyy +

ͪdͩͨeͪIxxIyy − ͰcͭdͬeͫIxxIyy − ͭͮcͫdͮeͫIxxIyy − ͰcdͰeͫIxxIyy + ͪcͮdͪeͬIxxIyy + ͬͬcͬdͬeͬIxxIyy + ͩͪcͪdͮeͬIxxIyy − ͪͨcͭdͪeͭIxxIyy − ͰcͫdͬeͭIxxIyy + ͬcͮeͮIxxIyy +

ͪcͬdͪeͮIxxIyy+ͬcͪdͰIͪx IxxIyy+ͬdͩͨIͪx IxxIyy−ͰcͫdͮeIͪx IxxIyy−ͰcdͰeIͪx IxxIyy+ͬcͬdͬeͪIͪx IxxIyy+ ͩͪcͪdͮeͪIͪx IxxIyy+ͰdͰeͪIͪx IxxIyy− ͩͮcͫdͬeͫIͪx IxxIyy− ͩͮcdͮeͫIͪx IxxIyy+

ͰcͬdͪeͬIͪx IxxIyy+ͩͪcͪdͬeͬIͪx IxxIyy+ͬdͮeͬIͪx IxxIyy−ͰcͫdͪeͭIͪx IxxIyy−ͰcdͬeͭIͪx IxxIyy+ͬcͬeͮIͪx IxxIyy+ͬcͪdͪeͮIͪx IxxIyy+ͪcͪdͮIͬx IxxIyy+ͬcdͮeIͬx IxxIyy+ͬcͪdͬeͪIͬx IxxIyy+

ͪdͮeͪIͬx IxxIyy+ͰcdͬeͫIͬx IxxIyy+ͪcͪdͪeͬIͬx IxxIyy+ͬdͬeͬIͬx IxxIyy+ͬcdͪeͭIͬx IxxIyy+ͪdͪeͮIͬx IxxIyy+ͪdͩͨIͪxxIyy−ͰcdͰeIͪxxIyy+ͩͪcͪdͮeͪIͪxxIyy+ͪdͰeͪIͪxxIyy−ͰcͫdͬeͫIͪxxIyy−

ͧ͡



ͰcdͮeͫIͪxxIyy + ͪcͬdͪeͬIͪxxIyy + ͩͪcͪdͬeͬIͪxxIyy − ͰcͫdͪeͭIͪxxIyy + ͪcͬeͮIͪxxIyy + ͪdͰIͪx IͪxxIyy − ͬcdͮeIͪx IͪxxIyy + ͪcͪdͬeͪIͪx IͪxxIyy + ͬdͮeͪIͪx IͪxxIyy − ͰcdͬeͫIͪx IͪxxIyy +

ͬcͪdͪeͬIͪx IͪxxIyy+ͪdͬeͬIͪx IͪxxIyy−ͬcdͪeͭIͪx IͪxxIyy+ͪcͪeͮIͪx IͪxxIyy−ͬcͫdͱIxyIyy−ͬcdͩͩIxyIyy+ͩͮcͬdͯeIxyIyy+ͩͪcͪdͱeIxyIyy−ͬdͩͩeIxyIyy−ͪͬcͭdͭeͪIxyIyy−ͰcͫdͯeͪIxyIyy+

ͩͮcdͱeͪIxyIyy + ͩͮcͮdͫeͫIxyIyy − ͰcͬdͭeͫIxyIyy − ͪͬcͪdͯeͫIxyIyy − ͬcͯdeͬIxyIyy + ͩͪcͭdͫeͬIxyIyy + ͩͮcͫdͭeͬIxyIyy − ͬcͮdeͭIxyIyy − ͬcͬdͫeͭIxyIyy − ͰcͫdͯIͪx IxyIyy −

ͪͰcdͱIͪx IxyIyy + ͩͮcͬdͭeIͪx IxyIyy + ͰͰcͪdͯeIͪx IxyIyy − ͪͰdͱeIͪx IxyIyy − ͰcͭdͫeͪIͪx IxyIyy − ͩͪͨcͫdͭeͪIͪx IxyIyy + ͰͰcdͯeͪIͪx IxyIyy + ͰͰcͬdͫeͫIͪx IxyIyy − ͩͪͨcͪdͭeͫIͪx IxyIyy −

ͰdͯeͫIͪx IxyIyy − ͪͰcͭdeͬIͪx IxyIyy + ͰͰcͫdͫeͬIͪx IxyIyy + ͩͮcdͭeͬIͪx IxyIyy − ͪͰcͬdeͭIͪx IxyIyy − ͰcͪdͫeͭIͪx IxyIyy − ͬcͫdͭIͬx IxyIyy − ͩͪcͪdͭeIͬx IxyIyy − ͬcͫdͫeͪIͬx IxyIyy −

ͩͪcdͭeͪIͬx IxyIyy − ͩͪcͪdͫeͫIͬx IxyIyy − ͬdͭeͫIͬx IxyIyy − ͩͪcdͫeͬIͬx IxyIyy − ͬdͫeͭIͬx IxyIyy − ͬcdͱIxxIxyIyy + ͩͮcͪdͯeIxxIxyIyy − ͬdͱeIxxIxyIyy − ͪͬcͫdͭeͪIxxIxyIyy +

ͩͮcdͯeͪIxxIxyIyy+ͩͮcͬdͫeͫIxxIxyIyy−ͪͬcͪdͭeͫIxxIxyIyy−ͬcͭdeͬIxxIxyIyy+ͩͮcͫdͫeͬIxxIxyIyy−ͬcͬdeͭIxxIxyIyy−ͩͪcdͯIͪx IxxIxyIyy+ͪͬcͪdͭeIͪx IxxIxyIyy−ͩͪdͯeIͪx IxxIxyIyy−

ͩͪcͫdͫeͪIͪx IxxIxyIyy+ͩͪcdͭeͪIͪx IxxIxyIyy+ͩͪcͪdͫeͫIͪx IxxIxyIyy−ͩͪdͭeͫIͪx IxxIxyIyy−ͩͪcͫdeͬIͪx IxxIxyIyy+ͪͬcdͫeͬIͪx IxxIxyIyy−ͩͪcͪdeͭIͪx IxxIxyIyy−ͪcͪdͰIͪxyIyy−ͪdͩͨIͪxyIyy+

ͰcͫdͮeIͪxyIyy+ͰcdͰeIͪxyIyy−ͩͪcͬdͬeͪIͪxyIyy−ͩͪcͪdͮeͪIͪxyIyy+ͰcͭdͪeͫIͪxyIyy+ͰcͫdͬeͫIͪxyIyy−ͪcͮeͬIͪxyIyy−ͪcͬdͪeͬIͪxyIyy+ͩͰcͪdͮIͪx IͪxyIyy+ͰdͰIͪx IͪxyIyy−ͫͮcͫdͬeIͪx IͪxyIyy+

ͬcdͮeIͪx IͪxyIyy+ͩͰcͬdͪeͪIͪx IͪxyIyy−ͪͬcͪdͬeͪIͪx IͪxyIyy+ͩͰdͮeͪIͪx IͪxyIyy+ͬcͫdͪeͫIͪx IͪxyIyy−ͫͮcdͬeͫIͪx IͪxyIyy+ͰcͬeͬIͪx IͪxyIyy+ͩͰcͪdͪeͬIͪx IͪxyIyy−ͪdͰIxxIͪxyIyy+ͰcdͮeIxxIͪxyIyy−

ͩͪcͪdͬeͪIxxIͪxyIyy+ͰcͫdͪeͫIxxIͪxyIyy−ͪcͬeͬIxxIͪxyIyy−ͰcͫdͱIxIyIyy−ͰcdͩͩIxIyIyy+ͫͪcͬdͯeIxIyIyy+ͪͬcͪdͱeIxIyIyy−ͰdͩͩeIxIyIyy−ͬͰcͭdͭeͪIxIyIyy− ͩͮcͫdͯeͪIxIyIyy+

ͫͪcdͱeͪIxIyIyy+ͫͪcͮdͫeͫIxIyIyy−ͩͮcͬdͭeͫIxIyIyy−ͬͰcͪdͯeͫIxIyIyy−ͰcͯdeͬIxIyIyy+ͪͬcͭdͫeͬIxIyIyy+ͫͪcͫdͭeͬIxIyIyy−ͰcͮdeͭIxIyIyy−ͰcͬdͫeͭIxIyIyy−ͰcͫdͯIͫx IyIyy−

ͫͮcdͱIͫx IyIyy+ͩͮcͬdͭeIͫx IyIyy+ͩͪͨcͪdͯeIͫx IyIyy−ͫͮdͱeIͫx IyIyy−ͰcͭdͫeͪIͫx IyIyy−ͩͮͰcͫdͭeͪIͫx IyIyy+ͩͪͨcdͯeͪIͫx IyIyy+ͩͪͨcͬdͫeͫIͫx IyIyy−ͩͮͰcͪdͭeͫIͫx IyIyy−ͰdͯeͫIͫx IyIyy−

ͫͮcͭdeͬIͫx IyIyy+ ͩͪͨcͫdͫeͬIͫx IyIyy+ ͩͮcdͭeͬIͫx IyIyy−ͫͮcͬdeͭIͫx IyIyy−ͰcͪdͫeͭIͫx IyIyy− ͩͮcdͯIͭx IyIyy+ͫͪcͪdͭeIͭx IyIyy− ͩͮdͯeIͭx IyIyy− ͩͮcͫdͫeͪIͭx IyIyy+ ͩͮcdͭeͪIͭx IyIyy+

ͩͮcͪdͫeͫIͭx IyIyy − ͩͮdͭeͫIͭx IyIyy − ͩͮcͫdeͬIͭx IyIyy + ͫͪcdͫeͬIͭx IyIyy − ͩͮcͪdeͭIͭx IyIyy − ͰcͫdͯIxIxxIyIyy + ͩͪcdͱIxIxxIyIyy + ͩͮcͬdͭeIxIxxIyIyy − ͯͪcͪdͯeIxIxxIyIyy +

ͩͪdͱeIxIxxIyIyy − ͰcͭdͫeͪIxIxxIyIyy + ͩͪͨcͫdͭeͪIxIxxIyIyy − ͯͪcdͯeͪIxIxxIyIyy − ͯͪcͬdͫeͫIxIxxIyIyy + ͩͪͨcͪdͭeͫIxIxxIyIyy − ͰdͯeͫIxIxxIyIyy + ͩͪcͭdeͬIxIxxIyIyy −

ͯͪcͫdͫeͬIxIxxIyIyy+ͩͮcdͭeͬIxIxxIyIyy+ͩͪcͬdeͭIxIxxIyIyy−ͰcͪdͫeͭIxIxxIyIyy−ͰcͫdͭIͫx IxxIyIyy−ͬcdͯIͫx IxxIyIyy−ͩͮcͪdͭeIͫx IxxIyIyy−ͬdͯeIͫx IxxIyIyy−ͩͪcͫdͫeͪIͫx IxxIyIyy−

ͪͨcdͭeͪIͫx IxxIyIyy−ͪͨcͪdͫeͫIͫx IxxIyIyy−ͩͪdͭeͫIͫx IxxIyIyy−ͬcͫdeͬIͫx IxxIyIyy−ͩͮcdͫeͬIͫx IxxIyIyy−ͬcͪdeͭIͫx IxxIyIyy−ͰdͫeͭIͫx IxxIyIyy+ͬcdͯIxIͪxxIyIyy−ͰcͪdͭeIxIͪxxIyIyy+

ͬdͯeIxIͪxxIyIyy +ͬcͫdͫeͪIxIͪxxIyIyy −ͬcdͭeͪIxIͪxxIyIyy −ͬcͪdͫeͫIxIͪxxIyIyy +ͬdͭeͫIxIͪxxIyIyy +ͬcͫdeͬIxIͪxxIyIyy −ͰcdͫeͬIxIͪxxIyIyy +ͬcͪdeͭIxIͪxxIyIyy + ͩͮcͬdͮIxIxyIyIyy −

ͬcͪdͰIxIxyIyIyy − ͪͨdͩͨIxIxyIyIyy − ͫͪcͭdͬeIxIxyIyIyy + ͰͨcͫdͮeIxIxyIyIyy + ͩͩͪcdͰeIxIxyIyIyy + ͩͮcͮdͪeͪIxIxyIyIyy − ͩͮͰcͬdͬeͪIxIxyIyIyy − ͩͮͰcͪdͮeͪIxIxyIyIyy +

ͩͮdͰeͪIxIxyIyIyy + ͩͩͪcͭdͪeͫIxIxyIyIyy + ͰͨcͫdͬeͫIxIxyIyIyy − ͫͪcdͮeͫIxIxyIyIyy − ͪͨcͮeͬIxIxyIyIyy − ͬcͬdͪeͬIxIxyIyIyy + ͩͮcͪdͬeͬIxIxyIyIyy + ͩͮcͬdͬIͫx IxyIyIyy +

ͩͪcͪdͮIͫx IxyIyIyy − ͫͪdͰIͫx IxyIyIyy + ͬͨcͫdͬeIͫx IxyIyIyy + ͩͭͪcdͮeIͫx IxyIyIyy + ͩͪcͬdͪeͪIͫx IxyIyIyy − ͩͬͬcͪdͬeͪIͫx IxyIyIyy + ͩͪdͮeͪIͫx IxyIyIyy + ͩͭͪcͫdͪeͫIͫx IxyIyIyy +

ͬͨcdͬeͫIͫx IxyIyIyy − ͫͪcͬeͬIͫx IxyIyIyy + ͩͪcͪdͪeͬIͫx IxyIyIyy + ͩͮdͬeͬIͫx IxyIyIyy − ͪͬcͪdͮIxIxxIxyIyIyy − ͬdͰIxIxxIxyIyIyy + ͬͰcͫdͬeIxIxxIxyIyIyy − ͫͪcdͮeIxIxxIxyIyIyy −

ͪͬcͬdͪeͪIxIxxIxyIyIyy + ͯͪcͪdͬeͪIxIxxIxyIyIyy − ͪͬdͮeͪIxIxxIxyIyIyy − ͫͪcͫdͪeͫIxIxxIxyIyIyy + ͬͰcdͬeͫIxIxxIxyIyIyy − ͬcͬeͬIxIxxIxyIyIyy − ͪͬcͪdͪeͬIxIxxIxyIyIyy +

ͪͰcͫdͭIxIͪxyIyIyy + ͪͰcdͯIxIͪxyIyIyy − ͭͮcͬdͫeIxIͪxyIyIyy − ͪͰcͪdͭeIxIͪxyIyIyy + ͪͰdͯeIxIͪxyIyIyy + ͪͰcͭdeͪIxIͪxyIyIyy − ͪͰcͫdͫeͪIxIͪxyIyIyy − ͭͮcdͭeͪIxIͪxyIyIyy +

ͪͰcͬdeͫIxIͪxyIyIyy + ͪͰcͪdͫeͫIxIͪxyIyIyy + ͬcͬdͰIͪy Iyy + ͰcͪdͩͨIͪy Iyy + ͬdͩͪIͪy Iyy − ͩͮcͭdͮeIͪy Iyy − ͫͪcͫdͰeIͪy Iyy − ͩͮcdͩͨeIͪy Iyy + ͪͬcͮdͬeͪIͪy Iyy + ͬͰcͬdͮeͪIͪy Iyy +

ͪͬcͪdͰeͪIͪy Iyy − ͩͮcͯdͪeͫIͪy Iyy − ͫͪcͭdͬeͫIͪy Iyy − ͩͮcͫdͮeͫIͪy Iyy + ͬcͰeͬIͪy Iyy + ͰcͮdͪeͬIͪy Iyy + ͬcͬdͬeͬIͪy Iyy + ͩͪcͬdͮIͪx Iͪy Iyy + ͫͨcͪdͰIͪx Iͪy Iyy + ͩͰdͩͨIͪx Iͪy Iyy −

ͪͬcͭdͬeIͪx Iͪy Iyy − ͯͪcͫdͮeIͪx Iͪy Iyy − ͬͰcdͰeIͪx Iͪy Iyy + ͩͪcͮdͪeͪIͪx Iͪy Iyy + ͯͪcͬdͬeͪIͪx Iͪy Iyy + ͯͪcͪdͮeͪIͪx Iͪy Iyy + ͩͪdͰeͪIͪx Iͪy Iyy − ͬͰcͭdͪeͫIͪx Iͪy Iyy − ͯͪcͫdͬeͫIͪx Iͪy Iyy −

ͪͬcdͮeͫIͪx Iͪy Iyy+ͩͰcͮeͬIͪx Iͪy Iyy+ͫͨcͬdͪeͬIͪx Iͪy Iyy+ͩͪcͪdͬeͬIͪx Iͪy Iyy+ͪͬcͪdͮIͬx Iͪy Iyy+ͰdͰIͬx Iͪy Iyy−ͬͰcͫdͬeIͬx Iͪy Iyy+ͩͮcdͮeIͬx Iͪy Iyy+ͪͬcͬdͪeͪIͬx Iͪy Iyy−ͬͰcͪdͬeͪIͬx Iͪy Iyy+

ͪͬdͮeͪIͬx Iͪy Iyy+ ͩͮcͫdͪeͫIͬx Iͪy Iyy−ͬͰcdͬeͫIͬx Iͪy Iyy+ͰcͬeͬIͬx Iͪy Iyy+ͪͬcͪdͪeͬIͬx Iͪy Iyy+ͬcͬdͮIxxIͪy Iyy+ͰcͪdͰIxxIͪy Iyy+ͬdͩͨIxxIͪy Iyy−ͰcͭdͬeIxxIͪy Iyy− ͩͮcͫdͮeIxxIͪy Iyy−

ͰcdͰeIxxIͪy Iyy + ͬcͮdͪeͪIxxIͪy Iyy + ͩͪcͬdͬeͪIxxIͪy Iyy + ͩͪcͪdͮeͪIxxIͪy Iyy + ͬdͰeͪIxxIͪy Iyy − ͰcͭdͪeͫIxxIͪy Iyy − ͩͮcͫdͬeͫIxxIͪy Iyy − ͰcdͮeͫIxxIͪy Iyy + ͬcͮeͬIxxIͪy Iyy +

ͰcͬdͪeͬIxxIͪy Iyy+ͬcͪdͬeͬIxxIͪy Iyy+ͩͪcͬdͬIͪx IxxIͪy Iyy+ͩͪcͪdͮIͪx IxxIͪy Iyy+ͩͰdͰIͪx IxxIͪy Iyy+ͪͬcͫdͬeIͪx IxxIͪy Iyy−ͬͰcdͮeIͪx IxxIͪy Iyy+ͩͪcͬdͪeͪIͪx IxxIͪy Iyy+ͩͫͪcͪdͬeͪIͪx IxxIͪy Iyy+

ͩͪdͮeͪIͪx IxxIͪy Iyy −ͬͰcͫdͪeͫIͪx IxxIͪy Iyy + ͪͬcdͬeͫIͪx IxxIͪy Iyy + ͩͰcͬeͬIͪx IxxIͪy Iyy + ͩͪcͪdͪeͬIͪx IxxIͪy Iyy + ͩͪdͬeͬIͪx IxxIͪy Iyy +ͮcͪdͮIͪxxIͪy Iyy − ͩͪcͫdͬeIͪxxIͪy Iyy + ͩͪcdͮeIͪxxIͪy Iyy +

ͮcͬdͪeͪIͪxxIͪy Iyy−ͪͬcͪdͬeͪIͪxxIͪy Iyy+ͮdͮeͪIͪxxIͪy Iyy+ͩͪcͫdͪeͫIͪxxIͪy Iyy−ͩͪcdͬeͫIͪxxIͪy Iyy+ͮcͪdͪeͬIͪxxIͪy Iyy−ͰcͭdͭIxyIͪy Iyy−ͩͮcͫdͯIxyIͪy Iyy−ͰcdͱIxyIͪy Iyy+ͩͮcͮdͫeIxyIͪy Iyy+

ͪͬcͬdͭeIxyIͪy Iyy − ͰdͱeIxyIͪy Iyy − ͰcͯdeͪIxyIͪy Iyy + ͪͬcͫdͭeͪIxyIͪy Iyy + ͩͮcdͯeͪIxyIͪy Iyy − ͰcͮdeͫIxyIͪy Iyy − ͩͮcͬdͫeͫIxyIͪy Iyy − ͰcͪdͭeͫIxyIͪy Iyy − ͪͬcͭdͫIͪx IxyIͪy Iyy −

ͫͮcͫdͭIͪx IxyIͪy Iyy − ͩͪcdͯIͪx IxyIͪy Iyy − ͬͰcͬdͫeIͪx IxyIͪy Iyy − ͮͨcͪdͭeIͪx IxyIͪy Iyy − ͩͪdͯeIͪx IxyIͪy Iyy − ͩͪcͭdeͪIͪx IxyIͪy Iyy − ͮͨcͫdͫeͪIͪx IxyIͪy Iyy − ͬͰcdͭeͪIͪx IxyIͪy Iyy −

ͩͪcͬdeͫIͪx IxyIͪy Iyy − ͫͮcͪdͫeͫIͪx IxyIͪy Iyy − ͪͬdͭeͫIͪx IxyIͪy Iyy − ͩͪcͫdͭIxxIxyIͪy Iyy − ͩͪcdͯIxxIxyIͪy Iyy + ͪͬcͬdͫeIxxIxyIͪy Iyy + ͩͪcͪdͭeIxxIxyIͪy Iyy − ͩͪdͯeIxxIxyIͪy Iyy −

ͩͪcͭdeͪIxxIxyIͪy Iyy + ͩͪcͫdͫeͪIxxIxyIͪy Iyy + ͪͬcdͭeͪIxxIxyIͪy Iyy − ͩͪcͬdeͫIxxIxyIͪy Iyy − ͩͪcͪdͫeͫIxxIxyIͪy Iyy + ͪcͬdͬIͪxyIͪy Iyy +ͬcͪdͮIͪxyIͪy Iyy + ͪdͰIͪxyIͪy Iyy −ͬcͭdͪeIͪxyIͪy Iyy −

ͰcͫdͬeIͪxyIͪy Iyy − ͬcdͮeIͪxyIͪy Iyy + ͪcͮeͪIͪxyIͪy Iyy + ͬcͬdͪeͪIͪxyIͪy Iyy + ͪcͪdͬeͪIͪxyIͪy Iyy − ͰcͭdͭIxIͫy Iyy − ͩͮcͫdͯIxIͫy Iyy − ͰcdͱIxIͫy Iyy + ͩͮcͮdͫeIxIͫy Iyy + ͪͬcͬdͭeIxIͫy Iyy −

ͰdͱeIxIͫy Iyy − ͰcͯdeͪIxIͫy Iyy + ͪͬcͫdͭeͪIxIͫy Iyy + ͩͮcdͯeͪIxIͫy Iyy − ͰcͮdeͫIxIͫy Iyy − ͩͮcͬdͫeͫIxIͫy Iyy − ͰcͪdͭeͫIxIͫy Iyy − ͩͮcͫdͭIͫx Iͫy Iyy − ͩͮcdͯIͫx Iͫy Iyy + ͫͪcͬdͫeIͫx Iͫy Iyy +

ͩͮcͪdͭeIͫx Iͫy Iyy−ͩͮdͯeIͫx Iͫy Iyy−ͩͮcͭdeͪIͫx Iͫy Iyy+ͩͮcͫdͫeͪIͫx Iͫy Iyy+ͫͪcdͭeͪIͫx Iͫy Iyy−ͩͮcͬdeͫIͫx Iͫy Iyy−ͩͮcͪdͫeͫIͫx Iͫy Iyy−ͰcͭdͫIxIxxIͫy Iyy−ͩͪcͫdͭIxIxxIͫy Iyy−ͬcdͯIxIxxIͫy Iyy−

ͩͮcͬdͫeIxIxxIͫy Iyy−ͪͨcͪdͭeIxIxxIͫy Iyy−ͬdͯeIxIxxIͫy Iyy−ͬcͭdeͪIxIxxIͫy Iyy−ͪͨcͫdͫeͪIxIxxIͫy Iyy−ͩͮcdͭeͪIxIxxIͫy Iyy−ͬcͬdeͫIxIxxIͫy Iyy−ͩͪcͪdͫeͫIxIxxIͫy Iyy−ͰdͭeͫIxIxxIͫy Iyy+

ͩͮcͮdͪIxIxyIͫy Iyy+ͫͮcͬdͬIxIxyIͫy Iyy+ͪͬcͪdͮIxIxyIͫy Iyy+ͬdͰIxIxyIͫy Iyy+ͪͬcͭdͪeIxIxyIͫy Iyy+ͬͰcͫdͬeIxIxyIͫy Iyy+ͪͬcdͮeIxIxyIͫy Iyy+ͬcͮeͪIxIxyIͫy Iyy+ͪͬcͬdͪeͪIxIxyIͫy Iyy+

ͫͮcͪdͬeͪIxIxyIͫy Iyy + ͩͮdͮeͪIxIxyIͫy Iyy + ͪcͮdͬIͬy Iyy + ͮcͬdͮIͬy Iyy + ͮcͪdͰIͬy Iyy + ͪdͩͨIͬy Iyy − ͬcͯdͪeIͬy Iyy − ͩͪcͭdͬeIͬy Iyy − ͩͪcͫdͮeIͬy Iyy − ͬcdͰeIͬy Iyy + ͪcͰeͪIͬy Iyy +

ͧ͢



ͮcͮdͪeͪIͬy Iyy+ͮcͬdͬeͪIͬy Iyy+ͪcͪdͮeͪIͬy Iyy+ͬcͬdͬIͪx Iͬy Iyy+ͰcͪdͮIͪx Iͬy Iyy+ͬdͰIͪx Iͬy Iyy−ͰcͭdͪeIͪx Iͬy Iyy−ͩͮcͫdͬeIͪx Iͬy Iyy−ͰcdͮeIͪx Iͬy Iyy+ͬcͮeͪIͪx Iͬy Iyy+ͰcͬdͪeͪIͪx Iͬy Iyy+

ͬcͪdͬeͪIͪx Iͬy Iyy+ͪcͮdͪIxxIͬy Iyy+ͬcͬdͬIxxIͬy Iyy+ͪcͪdͮIxxIͬy Iyy+ͬcͭdͪeIxxIͬy Iyy+ͰcͫdͬeIxxIͬy Iyy+ͬcdͮeIxxIͬy Iyy+ͪcͬdͪeͪIxxIͬy Iyy+ͬcͪdͬeͪIxxIͬy Iyy+ͪdͮeͪIxxIͬy Iyy−

ͬcͯdIxyIͬy Iyy−ͩͪcͭdͫIxyIͬy Iyy−ͩͪcͫdͭIxyIͬy Iyy−ͬcdͯIxyIͬy Iyy−ͬcͮdeIxyIͬy Iyy−ͩͪcͬdͫeIxyIͬy Iyy−ͩͪcͪdͭeIxyIͬy Iyy−ͬdͯeIxyIͬy Iyy+cͬdͰIͪyy+ͪcͪdͩͨIͪyy+dͩͪIͪyy−ͬcͭdͮeIͪyy−

ͰcͫdͰeIͪyy−ͬcdͩͨeIͪyy+ͮcͮdͬeͪIͪyy+ͩͪcͬdͮeͪIͪyy+ͮcͪdͰeͪIͪyy−ͬcͯdͪeͫIͪyy−ͰcͭdͬeͫIͪyy−ͬcͫdͮeͫIͪyy+cͰeͬIͪyy+ͪcͮdͪeͬIͪyy+cͬdͬeͬIͪyy+ͪcͬdͮIͪx Iͪyy+ͩͬcͪdͰIͪx Iͪyy+

ͩͪdͩͨIͪx Iͪyy − ͬcͭdͬeIͪx Iͪyy − ͬͰcͫdͮeIͪx Iͪyy − ͬͬcdͰeIͪx Iͪyy + ͪcͮdͪeͪIͪx Iͪyy + ͮͮcͬdͬeͪIͪx Iͪyy + ͮͮcͪdͮeͪIͪx Iͪyy + ͪdͰeͪIͪx Iͪyy − ͬͬcͭdͪeͫIͪx Iͪyy − ͬͰcͫdͬeͫIͪx Iͪyy − ͬcdͮeͫIͪx Iͪyy +

ͩͪcͮeͬIͪx Iͪyy+ͩͬcͬdͪeͬIͪx Iͪyy+ͪcͪdͬeͬIͪx Iͪyy+cͬdͬIͬx I
ͪ
yy+ͰdͰIͬx Iͪyy+ͬcͫdͬeIͬx Iͪyy−ͫͪcdͮeIͬx Iͪyy+ͭͬcͪdͬeͪIͬx Iͪyy−ͫͪcͫdͪeͫIͬx Iͪyy+ͬcdͬeͫIͬx Iͪyy+ͰcͬeͬIͬx Iͪyy+dͬeͬIͬx I

ͪ
yy+

ͪcͪdͰIxxIͪyy+ͪdͩͨIxxIͪyy−ͰcͫdͮeIxxIͪyy−ͰcdͰeIxxIͪyy+ ͩͪcͬdͬeͪIxxIͪyy+ ͩͪcͪdͮeͪIxxIͪyy−ͰcͭdͪeͫIxxIͪyy−ͰcͫdͬeͫIxxIͪyy+ͪcͮeͬIxxIͪyy+ͪcͬdͪeͬIxxIͪyy+ͮcͪdͮIͪx IxxIͪyy−

ͩͪcͫdͬeIͪx IxxIͪyy + ͩͪcdͮeIͪx IxxIͪyy + ͮcͬdͪeͪIͪx IxxIͪyy − ͪͬcͪdͬeͪIͪx IxxIͪyy + ͮdͮeͪIͪx IxxIͪyy + ͩͪcͫdͪeͫIͪx IxxIͪyy − ͩͪcdͬeͫIͪx IxxIͪyy + ͮcͪdͪeͬIͪx IxxIͪyy + dͰIͪxxI
ͪ
yy − ͬcdͮeIͪxxIͪyy +

ͮcͪdͬeͪIͪxxIͪyy − ͬcͫdͪeͫIͪxxIͪyy + cͬeͬIͪxxI
ͪ
yy − ͩͮcͫdͭIͪx IxyIͪyy − ͩͮcdͯIͪx IxyIͪyy + ͫͪcͬdͫeIͪx IxyIͪyy + ͩͮcͪdͭeIͪx IxyIͪyy − ͩͮdͯeIͪx IxyIͪyy − ͩͮcͭdeͪIͪx IxyIͪyy + ͩͮcͫdͫeͪIͪx IxyIͪyy +

ͫͪcdͭeͪIͪx IxyIͪyy − ͩͮcͬdeͫIͪx IxyIͪyy − ͩͮcͪdͫeͫIͪx IxyIͪyy − ͬcͭdͭIxIyIͪyy − ͰcͫdͯIxIyIͪyy − ͬcdͱIxIyIͪyy + ͰcͮdͫeIxIyIͪyy + ͩͪcͬdͭeIxIyIͪyy − ͬdͱeIxIyIͪyy − ͬcͯdeͪIxIyIͪyy +

ͩͪcͫdͭeͪIxIyIͪyy + ͰcdͯeͪIxIyIͪyy − ͬcͮdeͫIxIyIͪyy − ͰcͬdͫeͫIxIyIͪyy − ͬcͪdͭeͫIxIyIͪyy − ͬcͭdͫIͫx IyIͪyy − ͬcͫdͭIͫx IyIͪyy − ͩͪcͬdͫeIͫx IyIͪyy − ͩͪcͪdͭeIͫx IyIͪyy − ͩͪcͫdͫeͪIͫx IyIͪyy −

ͩͪcdͭeͪIͫx IyIͪyy − ͬcͪdͫeͫIͫx IyIͪyy − ͬdͭeͫIͫx IyIͪyy + ͬcͫdͭIxIxxIyIͪyy + ͬcdͯIxIxxIyIͪyy − ͰcͬdͫeIxIxxIyIͪyy − ͬcͪdͭeIxIxxIyIͪyy + ͬdͯeIxIxxIyIͪyy + ͬcͭdeͪIxIxxIyIͪyy −

ͬcͫdͫeͪIxIxxIyIͪyy−ͰcdͭeͪIxIxxIyIͪyy+ͬcͬdeͫIxIxxIyIͪyy+ͬcͪdͫeͫIxIxxIyIͪyy−ͰcͬdͬIxIxyIyIͪyy− ͩͮcͪdͮIxIxyIyIͪyy−ͰdͰIxIxyIyIͪyy+ ͩͮcͭdͪeIxIxyIyIͪyy+ͫͪcͫdͬeIxIxyIyIͪyy+

ͩͮcdͮeIxIxyIyIͪyy−ͰcͮeͪIxIxyIyIͪyy−ͩͮcͬdͪeͪIxIxyIyIͪyy−ͰcͪdͬeͪIxIxyIyIͪyy+ͪcͮdͬIͪy Iͪyy+ͮcͬdͮIͪy Iͪyy+ͮcͪdͰIͪy Iͪyy+ͪdͩͨIͪy Iͪyy−ͬcͯdͪeIͪy Iͪyy−ͩͪcͭdͬeIͪy Iͪyy−ͩͪcͫdͮeIͪy Iͪyy−

ͬcdͰeIͪy Iͪyy+ͪcͰeͪIͪy Iͪyy+ͮcͮdͪeͪIͪy Iͪyy+ͮcͬdͬeͪIͪy Iͪyy+ͪcͪdͮeͪIͪy Iͪyy+ͮcͮdͪIͪx Iͪy Iͪyy+ ͩͪcͬdͬIͪx Iͪy Iͪyy+ͮcͪdͮIͪx Iͪy Iͪyy+ ͩͪcͭdͪeIͪx Iͪy Iͪyy+ͪͬcͫdͬeIͪx Iͪy Iͪyy+ ͩͪcdͮeIͪx Iͪy Iͪyy+

ͮcͬdͪeͪIͪx Iͪy Iͪyy + ͩͪcͪdͬeͪIͪx Iͪy Iͪyy + ͮdͮeͪIͪx Iͪy Iͪyy + ͪcͬdͬIxxIͪy Iͪyy + ͬcͪdͮIxxIͪy Iͪyy + ͪdͰIxxIͪy Iͪyy − ͬcͭdͪeIxxIͪy Iͪyy − ͰcͫdͬeIxxIͪy Iͪyy − ͬcdͮeIxxIͪy Iͪyy + ͪcͮeͪIxxIͪy Iͪyy +

ͬcͬdͪeͪIxxIͪy Iͪyy + ͪcͪdͬeͪIxxIͪy Iͪyy −ͬcͯdIxIͫy Iͪyy − ͩͪcͭdͫIxIͫy Iͪyy − ͩͪcͫdͭIxIͫy Iͪyy −ͬcdͯIxIͫy Iͪyy −ͬcͮdeIxIͫy Iͪyy − ͩͪcͬdͫeIxIͫy Iͪyy − ͩͪcͪdͭeIxIͫy Iͪyy −ͬdͯeIxIͫy Iͪyy + cͰIͬy I
ͪ
yy +

ͬcͮdͪIͬy Iͪyy+ͮcͬdͬIͬy Iͪyy+ͬcͪdͮIͬy Iͪyy+dͰIͬy I
ͪ
yy+ͬcͬdͬIͪx Iͫyy+ͰcͪdͮIͪx Iͫyy+ͬdͰIͪx Iͫyy−ͰcͭdͪeIͪx Iͫyy−ͩͮcͫdͬeIͪx Iͫyy−ͰcdͮeIͪx Iͫyy+ͬcͮeͪIͪx Iͫyy+ͰcͬdͪeͪIͪx Iͫyy+ͬcͪdͬeͪIͪx Iͫyy .
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